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Abstract 

We provide an introduction to recent lattice formulations of supersymmet- 
ric theories which are invariant under one or more real supersymmetries 
at nonzero lattice spacing. These include the especially interesting case 
of A/" = 4 SYM in four dimensions. We discuss approaches based both 
on twisted supersymmetry and orbifold-deconstruction techniques and show 
their equivalence in the case of gauge theories. The presence of an exact 
supersymmetry reduces and in some cases eliminates the need for fine tuning 
to achieve a continuum limit invariant under the full supersymmetry of the 
target theory. We discuss open problems. 
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1. Introduction 



Whether or not supersymmetry is discovered to be a symmetry of nature, 
strongly coupled supersymmetric theories will always be a source of fascina- 
tion [H, Q, S, S]- In these theories one can find explicit examples of many 
of the basic mechanisms and objects put forward in the early days of gauge 
theories: confinement, chiral symmetry breaking, magnetic monopoles and 
dyons, conformal field theories, etc. Especially intriguing are the connections 
between theories with sixteen supercharges and both supergravity and string 
theory 0,0,3. 

Until recently, a nonperturbative lattice formulation for all but a few of 
these theories remained elusive despite many efforts over the years. The 
problem has been that discretization tends to completely break the super- 
symmetry, so that no characteristics of the continuum theory are present 
without excessive fine-tuning. In the language of the renormalization group, 
the lattice theory typically flows away from any supersymmetric fixed point 
as the cut-off is removed. Past attempts to fix this by imposing an exact 
supersymmetric subalgebra on the lattice action typically resulted in a loss 
of Poincare invariance . 

In the past few years, however, there have been significant advances in our 
understanding, which have led to the construction of a number of interesting 
supersymmetric lattice theories, including J\f = A supersymmetric Yang-Mills 
(SYM) in four dimensions, in which these fine tuning problems are under 
much better control. 

The new development has been the construction of lattice actions which 
possess a subset of the supersymmetries of the continuum theory and have 
a Poincare invariant continuum limit. The presence of the exact supersym- 
metry on the lattice provides a way to obtain the continuum limit with no 
fine tuning, or fine tuning much less than conventional lattice constructions 
(in which there is no exact supersymmetry at the cut-off scale.) In this re- 
view, we introduce some of the ideas which lead to the construction of these 
supersymmetric lattice theories. 

Two main approaches have been proposed to formulate such supersym- 
metric lattice theories, which are now understood to be closely related. One is 
based on the idea of 'twisting' and Dirac-Kahler fermions j§, T^. The twist- 
ing procedure is based on a decomposition of Lorentz spinor supercharges 
into a sum of integer spin (p-form) tensors under a diagonal subgroup of 
the Lorentz group and some large global symmetry of the theory, usually 
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referred to as -R-symmetry. The twisted formulation of supersymmetry goes 
back to Witten llj in his seminal construction of topological field theories, 
but actually had been anticipated in earlier lattice work using Dirac-Kahler 
fields 12|, ll3|, [ij, |l5|, |l6j. The precise connection between Dirac-Kahler 



fermions and topological twisting was found by Kawamoto and collabora- 
The key observation is that the zero-form supercharge that 



17, 18, 19 



tors 

arises after twisting is a scalar which squares to zero, and constitutes a closed 
subalgebra of the full twisted superalgebra. It is this scalar supersymmetry 
that can be made manifest in the lattice action even at finite lattice spacing 



20, 21, 22, 23, 24, 25, 26, 27, 28 



The second approach derives a supersymmetric lattice theory by orbifold- 
ing a certain supersymmetric matrix model. This 'mother' matrix theory is 
obtained by dimensional reduction of a SYM theory with a very large gauge 
symmetry. The projection is chosen so as to induce a lattice structure and 
to preserve one or more supersymmetries of the mother theory. The result- 
ing theory is also gauge invariant and preserves a discrete s ubg roup of the 
continuum Lorentz and global symmetries [29|, M, M, S H H H H H ■ 
The theories obtained in this fashion have a degenerate ground state (called 
a moduli space), where the distance from the origin of the moduli space has 
an interpretation as the inverse lattice spacing, as first implemented in "de- 
construction" [i^, 3^. The continuum limit is thus defined as a particular 
scaling limit out to infinity in the moduli space and the result is a supersym- 
metric gauge theory where full super-Poincare symmetry is recovereci3- 

Even though these two approaches seem different at first glance, they 
do generate similar actions and lattices. The reason behind this is that 
the Dirac-Kahler decomposition of the fermions is indeed encoded into the 

M 
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charges of the fermions encountered in the orbifold projection [39|, 
- the number of non-zero components of the r-charge vector characterizing 
the orbifold lattice field matching the degree of the p-form component of 
the corresponding twisted Dirac-Kahler field. The common thread of both 
approaches is the exact preservation of (nilpotent) scalar supercharges on the 
lattice, which automatically dictates the distribution of the bosonic degrees 
of freedom in the lattice given the Dirac-Kahler construction. Indeed we will 



^To be more precise the continuum limit of these constructions is actuaUy invariant 
under a twisted version of the super-Poincare group. Whether one can 'untwist' the 
theory to obtain a target theory with the usual super-Poincare invariance is related to the 
amount of residual fine tuning needed to obtain full supersymmetry. 
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show that one can obtain the supersymmetric orbifold lattices by a direct 
discretization of an appropriately chosen twist of the target SYM theory 



41, 42 



It is also useful to keep in mind the limitations of the twisting and orb- 
ifolding formalisms. These techniques only apply to a sub-class of supersym- 
metric gauge theories. The ability to construct a manifestly supersymmetric 
lattice in this formalism requires the R-symmetry group to contain SO{d) - 
the d-dimensional (Euclidean) Lorentz symmetry group - as a subgroup. If 
so, one can apply the idea of twisting as shown in FigjJl Clearly this con- 
straint excludes the formulation of some other interesting theories, such as 
M = 2 SYM (the Seiberg-Witten theory) or generic M = 1 supersymmet- 
ric QCD theories, or theories of more phenomenological interest such as the 
MSSM. Lattice constructions of these interesting theories are currently open 
problems. It is also fair to say that much theoretical work remains to be done 
to understand how much fine tuning is required in order that these lattice 
theories inherit the full supersymmetry of the target theory in the continuum 
limit - perturbative calculations would be very useful in this regard as we 
will discuss later when describing the A/" = 4 construction in detail. 

The first part of the review will motivate the study of lattice supersym- 
metry and give an overview of some of the basic ideas: why it is difficult 
to build supersymmetric lattice theories and why naive discretizations of 
continuum supersymmetric theories lead to fine tuning problems. We argue 
that supersymmetry should arise as an accidental symmetry on taking the 
continuum limit of some suitable lattice model, and offer as an example a 
supersymmetric theory without scalars: the interesting M = 1 super Yang- 
Mills theory in c? = 4 dimensions. We then discuss why in supersymmetric 
theories with scalars, only an exact lattice supersymmetry can keep scalars 
massless without fine-tuning and allow for the full supersymmetry algebra to 
emerge as an accidental symmetry at long distances,. Tautology is avoided 
since the lattice model need only preserve a subset of the continuum super- 
symmetry to avoid or at least ameliorate fine-tuning. This naturally leads 
into a discussion of twisted supersymmetry and Dirac-Kahler fermions. 

Before progressing to more complicated theories, we next consider super- 
symmetric quantum mechanics and the two dimensional Wess-Zumino and 
sigma models. This will allow us to illustrate the nature of the fine tuning 
problems that are encountered and how realization of an exact lattice super- 
symmetry enables the full supersymmetry to emerge in the continuum limit. 
The connection between twisting, Nicolai maps and topological field theories 
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is then discussed in the context of these examples. We then turn to gauge 
theories, first presenting the twisted supersymmetry approach to (2, 2) SYM 
in two dimensions. We then discuss the powerful orbifold approach to lat- 
tice SYM, and show in detail how to obtain a gauge invariant lattice model 
invariant under one real supersymmetry for this same (2, 2) SYM theory. It 
is shown to be precisely the same as the twisted construction derived earlier. 
The possible supersymmetric orbifold lattices are then classified and seen to 
include the interesting case of A/" = 4 SYM. We summarize the content of 
this lattice model and show how it can also be generated by discretization of 
the Marcus twist of A/" = 4 SYM theory confirming, once more, the complete 
equivalence of the two approaches. 

We emphasize that this resultant lattice action for = 4 SYM currently 
offers a promising starting point for numerical simulations. Indeed, dimen- 
sional reductions of this theory are already being studied on the lattice in the 
context of their conjectured equivalence to string and super gravity theories 



43|, |45|, |46|, |47|, |48|, |49|, l50|, |5l|, l52|, l53[. It is perhaps the prospect of 



eventually using our lattices to learn more about quantum gravity that we 
consider the most exciting. 

2. Supersymmetry 

2.1. The supersymmetry algebra 

Poincare symmetry consists of spacetime translations, generated by P^, 
and Lorentz transformations, generated by E^,y = — Ej^^. The algebra has 
the qualitative structure 

[P,P] = 0, [P,S]~P, (1) 

where the meaning of the three terms are (i) translations commute with each 
other; (ii) translations transform under the Lorentz group as a 4-vector; (iii) 
Lorentz transformations themselves transform as an antisymmetric tensor. 

Supersymmetry is the unique extension of the Poincare algebra consistent 
with the Coleman-Mandula theorem js^, where complex spinorial generators 
Qa, Qa are added with the (anti-) commutation relationso 

{Q,Q} = o, [p,Q] = o, [g,s]~g, {g,g}~p. (2) 



^We have neglected the possibiUty of central charge terms in this simplified discussion 
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These terms tell us (i) Q is Grassmann; (ii) Q commutes with spacetime 
translations (and hence the Hamiltonian) ; (iii) Q transforms under Lorentz 
transformation as a 2-component Weyl spinor; (iv) two successive supersym- 
metry transformations yields a translation. From (i) and (ii) it follows that 
there are pairs of fermion-boson states which are degenerate (along with pos- 
sible unpaired zero energy states), and from (iv) we see that in some sense 
a supersymmetry charge Q is a square root of the Hamiltonian (in the same 
sense that the Dirac operator is a square root of the Klein-Gordon operator). 

2.2. Counting supercharges 

The supersymmetry algebra is highly constrained, and in any given num- 
ber of dimensions there are typically only a few possibilities for how many 
supercharges can exist. These constraints arise from the requirement that 
the theories not contain particles with spin greater than one (or two in the 
case of supergravity) . This restriction on the maximal spin stems, in turn, 
from the requirement that the theories be renormalizable. 

These different solutions are often labeled Af = 1, Af = 2, etc. What 
is confusing is that the number of supercharges for A/" = 1 supersymmetry, 
for example, is different in different numbers of dimensions. Instead, when 
discussing supersymmetric theories in dimensions other than four, we will 
identify a supersymmetric theory by the spacetime dimension d, and the 
number of real supercharges, Q. Thus A/" = 1 supersymmetry in d = 4 has 
a complex pair Q, Q which are each two-component Weyl spinors, giving 
Q = 4. Similarly, A/" = 4 supersymmetry in d = 4 has Q = 16. 

2.3. R symmetries 

Supersymmetric theories typically have global chiral symmetries — gener- 
ically called "/^-symmetries" which do not commute with the supercharges, 
meaning that the members of the supermultiplets transform as different mul- 
tiplets under the i?-symmetry. These symmetries turn out to play a cru- 
cial role in the implementation of lattice supersymmetry. The bosonic and 
fermionic fields furnish a representation of the i?-symmetry, as well as Eu- 
clidean Lorentz symmetry SO{d) e, and the same is true for the supercharges. 
For example, a list of the SYM theories and their Lorentz and i?-symmetries 
(at the classical level) are given in Table [TJ These symmetries are most eas- 
ily determined by exploiting the fact that Q = 4, 8, 16 SYM theories are the 
minimal (A/" = 1) gauge theory in d = 4, 6, 10 dimensions respectively — in 
those dimensions, the theory consists of only of a gauge field and a gaugino. 
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Theory 


Lorentz 


Q = 4 


Q = 8 


Q=16 


d = 2 


^0(2) 


50(2) X U{1) 


SO (A) X SU{2) 


50(8) 


d = 3 


^0(3) 


U{1) 


50(3) X SU{2) 


50(7) 


d = 4 


50(4) 


m 


50(2) X SU{2) 


50(6) 



Table 1: The R-symmetry groups of various SYM theories. 



The (Q = 4, d = 4) SYM theory has a f/(l) i?-symmetry, the (Q = 8, c/ = 6) 
possesses an internal SU{2) i?-symmetry, while the (Q = 16, d = 10) M = 1 
theory has no i?-symmetry When these theories are dimensionally reduced 
from d' = 4, 6, 10-dimensions down to d dimensions one preserves all of the 
supercharges while enlarging the i?-symmetry by Euclidean "Lorentz" gen- 
erators acting in the reduced dimensions. For example, the A/" = 1 theory in 
d' = 10 dimensions dimensionally reduced to d dimensions has an SO{d)E 
Lorentz symmetry and 50(10 — d) i?-symmetry, as shown in the last column 
of Table [H There are also cases where these classical symmetries may reduce 
in a quantum theory due to anomalies or enhance to a larger i?— symmetry 
at long distances. For a discussion of the case with Q = 16 where the latter 



may take place, see [55 



2.4- Why study lattice supersymmetry? 

Supersymmetry is interesting in its own right. It is also potentially inter- 
esting for phenomenology, as the protection it affords scalars from additive 
renormalization of their masses could have something to do with the myste- 
rious Higgs boson of the Standard Model. And it is worth studying because 
with the extra symmetry, many interesting results have been obtained for 
supersymmetric Yang-Mills (SYM) theories, including explicit examples of 
many mechanisms postulated in the early days of Yang-Mills theories, includ- 
ing spontaneous chiral symmetry breaking, confinement, magnetic monopole 
condensation, strong coupling - weak coupling duality, massless composite 



fermions, conformal field theory, and more [56|, |57j. In addition, many fas- 
cinating connections have been made between between SYM theories and 
string theory and quantum gravity @, 0] , as well as with topology 58 . 



Since there are so many interesting features of SYM theories, especially 
at strong coupling, it would be very desirable to be able to have a non- 
perturbative definition of these theories. This is important both from a 
mathematical viewpoint and also as a basis for numerical simulations. 
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3. Accidental supersymmetry and twisted supercharges 

In principle, many supersymmetric theories could be studied on the lat- 
tice by choosing the right degrees of freedom, and then tuning the couplings 
to the critical values which yield the supersymmetric "target theory" in the 
infrared. However, this brute-force approach is prohibitively difficult for any 
but possibly the simplest theories. A more practical approach is to construct 
a lattice theory that respects as many of the symmetries of the target the- 
ory as possible, limiting the number of possible operators whose coefficients 
need to be fine-tuned. One might think that the lattice action would have 
to possess all of the symmetries of the target theory, but in fact that is not 
necessary due to the emergence of "accidental" symmetries. An accidental 
symmetry is a symmetry that emerges in the infrared (IR) limit of the lat- 
tice theory, even though it is not respected by the full lattice action. This 
typically occurs when the exact symmetries of the action only allow irrele- 
vant operators which could violate the accidental symmetry transformation 
— such operators become unimportant in the IR, and the symmetry then 
emerges. A prime example of an accidental symmetry in the continuum is 
baryon number violation in a Grand Unified Theory (GUT) [s^: 5- violation 
is mediated by gauge boson and scalar interactions at the GUT scale; but 
below the GUT scale the fight degrees of freedom are such that the gauge 
symmetries of the standard model forbid baryon violating operators with 
dimension less than six, and as such, baryon number violation becomes "ir- 
relevant" in the IR. That explains why GUTs can be consistent with the 
observed stringent lower bounds on the proton lifetim^. 

Accidental symmetry also explains why lattice QCD is able to recover 
(Euclidean) Poincare symmetry in the continuum limit without fine-tuning, 
even though the lattice action only respects a discrete hypercubic subgroup 
of Poincare symmetry: given the field content of QCD and both the exact 
hypercubic and gauge symmetries of the lattice action, the lowest dimension 
operators that can be added to the action which violate continuum Poincare 
symmetry are dimension six, such as the discrete version of ip'-f^D^tp. 
These are irrelevant operators which become unimportant in the IR limit 
of the theory, and so the full Poincare symmetry is recovered without fine- 



Actually, only SUSY GUTs are consistent with the limits on proton lifetime and gauge 
coupling unification. In SUSY GUTs, there are dimension five baryon number violating 
operators unless the theory is supplemented by an additional R-parity symmetry. 
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tuning. As a counter-example, consider Wilson fermions with the bare mass 
term set to zero; in this case the lattice action appears to have an exact chiral 
symmetry in all the relevant and marginal operators, with chiral symmetry 
breaking first appearing in the Wilson term, a dimension five operator of 
the form ipD^tp. Although the Wilson term is an irrelevant operator, since 
the exact symmetries of the lattice theory allow a dimension three fermion 
mass term, it will be generated radiatively, requiring 0(1/ a) fine-tuning of 
the bare mass to obtain massless fermions in the IR. 

What about supersymmetry? Supersymmetry certainly cannot be an ex- 
act symmetry on the lattice, since the supersymmetry algebra dictates that 
the anti-commutator of supercharges yield an infinitesimal translation [l|, 
{Qa, 0^} = 2o'^^-P/i5ij, and such translations do not exist on a lattice. How- 
ever, as this Report documents, supersymmetry can emerge from a lattice 
action with little or no fine-tuning due to accidental symmetry. We first 
describe how this works in the four- dimensional theory that is simplest to 
simulate on the lattice: A/" = 1 SYM theory. 

3.1. M = 1 supersymmetry in d = A and accidental susy without scalars 

The N = 1 SYM theory in d = 4 consists of gauge bosons Vm (the 
"gluons" , m = 1, . . . 4) and a single Weyl fermion (the "gluinos" , a = 1, 2). 
The gluino is the supersymmetric partner of the gluon, and like it, transforms 
in the adjoint representation of the gauge group. Using the two-component 
fermion notation (see [H), the Lagrangian for the theory is 

C = Xia^DmX - {VranV'^'' , (3) 

where a™ = {1,— cr} (cr being the three Pauli matrices and 1 being the 
unit matrix) and Vmn is the gauge field strength. This theory has only one 
independent coupling constant (the gauge couphng ^f) and is the most general 
Lagrangian one could write down without irrelevant operators — with the 
important exception that we have omitted a fermion mass term, {mW + h.c). 
At the classical level, the theory possesses a global U{1) symmetry under 
which A — >■ e^°'\. This does not commute with supersymmetry (because 
there is no analogous phase rotation of the gluino's partner the gluon) and 
for obscure historical reasons it is therefore called an i?-symmetry. Now this 
f/(l) symmetry is anomalous, and if the gauge group is SU{N), only a Z2N 
subgroup of the U{1) symmetry is exact in the full quantum theory (see, for 
example, [i^]). Note that a gluino mass term would explicitly violate this 
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i?-symmetry. It is known that gluino condensation occurs in this theory 
((AA) 7^ 0), and that the global Z2N symmetry is spontaneously broken to 
Z2, giving rise to domain walls, where the strength of the condensate and 
the domain wall tension can be analytically related. 

Can we investigate these properties on the lattice? After all, the theory 
looks simpler than QCD which has several flavors of quarks with different 
masses, which is routinely simulated. 

The key to accidental supersymmetry for a lattice realization of this 
A/" = 1 SYM theory is the observation that the only "bad" relevant oper- 
ator allowed by gauge plus Lorentz symmetries is a gaugino mass term... and 
this is forbidden by the Z2N chiral i?-symmetry. This observation can be put 
to use to construct a lattice theory. Either one can use a Ma i or ana Wilson 



61, 62, 63, 64 and ref 



fermion and fine-tune the gaugino mass to zero (see 
erences therein), or one can start with chiral lattice fermions and obtain the 
super symmetric target theory without fine-tuning 0. Luckily, the problem of 
how to realize chiral fermions on the lattice has already been solved: the two 
related techriiques are to use domain wall fermions (DWF) [66'], or overlap 



fermions 671. l68l |. Formulations of A/" = 1 SYM with overlap fermions were 
first proposed in |69|]; domain wall fermion formulations of the lattice theory 
are found in 70|, O, l72|. Here we sketch the domain wall fermion (DWF) 
formulation of this theory f72|, before discussing the more complicated case 
of how accidental supersymmetry can arise in theories with scalar fields in 
subsequent sections. 

The DWF formulation is formulated on a (compact) five- dimensional lat- 
tice, with a massive fermion whose mass equals +mo on half the lattice and 
—mo on the other half. The 4-dimensional hypersurfaces where the mass 
changes sign are called "domain walls" , and on solving the free Dirac equa- 
tion, one finds two massless 4-dimensional fermion modes, one with 75 = -|-1 
bound to one domain wall, and the other with 75 = —1 bound to the other 
wall, as shown in Fig. [H (There is actually a small mass which vanishes expo- 
nentially in the fifth dimensional separation between the two domain walls, 
which for the purposes of this simplified discussion, we will assume is negli- 



gible - see [73|, |74, 175[ for a discussion of practical issues issues arising from 
this non-zero residual mass). Four dimensional gauge fields are introduced a 



^This scenario whereby supersymmetry could be realized as an accidental symmetry 
was first proposed in [2§|, and specifically for lattice simulation in [65| . 



12 



Figure 1 : The profile of the domain waU fermion mass in the fifth dimension, showing the 
chiral zero- modes (L,R) bound to the two domain walls where the fermion mass switches 
sign. 



la Wilson, constant in the fifth dimension, with the fermion transforming as 
an adjoint under the gauge group. The low energy spectrum therefore looks 
like a d = 4 theory consisting of a gauged massless adjoint Dirac fermion 
and gauge bosons. This d = 4 (Euclidean) Dirac fermion takes the form 

^ ~ ' ^ ~ ^^'^ ^'^^ ' ^^^^^ ^ ^ 2-component chiral spinors 

stuck to the two domain walls respectively. Since the gauge fields are con- 
stant in the fifth dimension, they are insensitive to the fact that the spinors 
a and (3 reside at different places in the extra dimension. Imposition of the 
Majorana condition is equivalent to requiring \l/ = R^C^^, where is the 
reflection in the fifth dimension which interchanges the two domain walls, 
and C is the d = 4 charge conjugation matrix. To implement a Majorana 
fermion in the Euclidean path integral then, we just replace ^ everywhere by 
^^i?^C^, so that the Dirac Lagrangian ^Ij)"^ becomes instead ^'^ R^C'^Ip'^ , 
and the Dirac determinant det^ is replaced by the Pfaffian PfRjC^Ip, which 
is real and non-negative. Simulation of this theory is computationally chal- 
lenging, but recently much progress has been made with the first ab initio 



calculations of the chiral condensate being reported in [76|, l77|, l7J, l75|, l73 



3.2. Accidental SUSY with scalars? 

In the previous section we saw that a gauged adjoint Majorana fermion 
in four dimensions was automatically supersymmetric provided that the rel- 
evant mass term mXX vanished. Since this mass term violates a Z2N chiral 
symmetry as well as supersymmetry, it follows that in a lattice theory that 
correctly implements the chiral symmetry, supersymmetry will automatically 
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emerge as an accidental symmetry in the continuum limit, despite the fact 
that the lattice action is not supersymmetric at all. 

Unfortunately, this simple reasoning does not extend readily to other 
supersymmetric theories, which all contain scalars as well as fermions, and 
possibly gauge fields. The problem is that supersymmetry is broken by the 
relevant operator responsible for scalar masses m^|0p (among others), which 
breaks the fermion-boson degeneracy. Following the example of A/" = 1 SYM, 
we would like to identify some symmetry {other than supersymmetry) which 
is broken by a scalar mass term, and which can be implemented exactly on 
the lattice. Unfortunately, unlike fermions, there is no chiral symmetry which 
can be invoked to forbid a scalar mass; the only symmetry that can do that 
is a shift symmetry — + /, and this shift symmetry is too restrictive, 
dictating only derivative interactions for the scalar, and hence applicable 
only to Goldstone bosons (furthermore sigma models are not thought to be 
renormalizable in four dimensions). Thus the only useful symmetry that can 
forbid the undesirable scalar mass term is supersymmetry itself. 

We are apparently left with a paradox: implementing supersymmetry 
exactly on the lattice seems impossible, and so we would like it to emerge 
as an accidental symmetry; but in order for supersymmetry to emerge as an 
accidental symmetry, we are forced to suppress scalar mass renormalization, 
which requires implementing supersymmetry exactly on the lattice! 

Perhaps we don't have to find an exact lattice implementation of all of 
the supersymmetry of the target theory, but only realize part of the super- 
symmetric algebra? After all, the full Poincare group is not realized on the 
lattice, but only the finite subgroup generated by finite translations and rota- 
tions by 7r/2, yet the Poincare group emerges as an accidental symmetry. It is 
natural then to ask whether there could exist a "subgroup" of supersymme- 
try on the lattice? But the answer is no: whereas rotations, for example, are 
parameterized by a bosonic angle which can be large (e.g., vr/2) supersym- 
metric transformations are characterized by a Grassmann parameter, which 
is necessarily infinitesimal, just as there exist classical bosonic fields (such as 
the electric field) but not classical fermionic fields 0. 

Instead one must ask whether it is possible to preserve a subalgebra of 



^There are such things as "supergroups" defined with Grassmann generators, but they 
do not seem to be of any practical use for constructing supersymmetric lattices. 
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the full extended supersymmetric algebra 

{Q^,Q^^}=0, {g^,,g^.} = 0, {Qj,,Qi} = 2P^a™<5,, , (4) 

where i,j = l,...,Af run over different supercharges (for Af = 1,2,4 su- 
persymmetry respectively in = 4). A number of potential obstacles are 
immediately obvious: 

i. The same old problem we keep returning to: how can a subalgebra 
of eq. (jlj) be chosen given that the Pm, the generator of infinitesimal 
translations, does not exist on the lattice? (An early attempt at lattice 
SUSY was to work in a Hamiltonian formulation, so that infinitesimal 
time translations Pq = H were maintained; however while this enabled 
exact lattice supersymmetry, it precluded a Lorentz invariant continuum 
limit Isj.) 

ii. How can one isolate part of the algebra without destroying the hyper- 
cubic lattice symmetry, and thereby making it impossible to recover 
Poincare symmetry in the continuum, let alone supersymmetry? 

iii. Less abstractly, how is it possible to implement scalars, fermions and 
gauge bosons in a symmetric fashion on the lattice? For example. A/" = 4 
SYM has one gauge field, four Weyl gauginos, and six real scalars in the 
same supersymmetric multiplet. If we put the gauge fields on links, 
surely their scalar superpartners have to be on links too! But then the 
scalars will transform nontrivially under lattice rotations, which suggests 
they can't transform as scalars (rotationally invariant objects) in the 
continuum limit. 

iv. SYM theories have i?-symmetries {U{1), U{2) and SU{4:) respectively 
for Af = 1, 2, 4 theories in d = 4; larger symmetries in lower dimensions) 
which are chiral symmetries; how are we to implement chiral fermions 
in a way that makes them look symmetric with their gauge and scalar 
partners?! 

These arguments would incorrectly seem to rule out implementing acci- 
dental lattice supersymmetry with scalars. The way out of this cul-de-sac 
is to recognize that in Euclidean space, and are independent; call- 
ing them all g*, a subset of the supercharges {g*} can be preserved that 
are nilpotent: {q\q^ = (up to a gauge transformation). Keeping such 
charges exact on the lattice solves the problem of not having infinitesimal 
P^ generators, but does not solve the issue of Lorentz invariance since the 
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supercharges being kept belong to incomplete spinor representations of the 
Lorentz group. An answer to this conundrum can be found in the peculiar 
formulation of staggered or Dirac-Kahler fermions, where the discrete point 
symmetry of the lattice is not just embedded in the full Lorentz group (or 
its Euclidean analogue), but in the combined (Lorentz) x (flavor) group. Un- 
der the discrete lattice symmetry, the fermions then naturally decompose as 
n-index antisymmetric tensors, instead of spinors. Furthermore, these an- 
tisymmetric tensor components generically include one or more scalars. If 
the supercharges singled out for preservation on the lattice are scalars under 
this lattice symmetry, it becomes plausible that Lorentz symmetry could be 
preserved in the continuum limit. 

While providing a clue for how to realize supersymmetric lattices, the 
above discussion leaves obscure how to create "staggered scalars" and "stag- 
gered gauge fields" so that supersymmetric multiplets composed of (gauge 
boson, gaugino, gauge scalar) could appear on the lattice. As we show be- 
low, the Gordian knot is cut by formulating twisted supersymmetry, or by 
following the orbifold/deconstruction procedure. By means of these related 
techniques we are able to solve the above conundrums in a new and unantic- 
ipated way. 



3.3. Twisted supersymmetry 

In this section, we first briefly review the concept of twisting in extended 



supersymmetric gauge theories in the continuum formulation on M [ll| and 
sketch its relation to orbifold projections of supersymmetric matrix models, 
which we will discuss next. 

As we have discussed, extended supersymmetric gauge theories usually 
possess large chiral symmetries, called i?-symmetries. The bosonic and fermionic 
fields furnish a representation of the relevant i?-symmetry, as well as Eu- 
clidean Lorentz symmetry SO{d)E, and the same is true for the super- 
charges. For example, a list of the SYM theories and their Lorentz and 
i?-symmetries (at the classical level) are given in Table [1] For six of the 
theories shown in Table [H the i?-symmetry group possess an SO{d)ji sub- 
group. Hence, the full global symmetry of the supersymmetric theory has 
a subgroup SO{d)E x SO{d)R C SO{d)E x Gr. To construct the twisted 
theory, we identify the diagonal SO{d)' subgroup in SO{d)E x SO{d)R, and 
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declare and treat it as the new Lorentz symmetry of the theory |^. 

SO{dy = Diag{SO{d)E X SO{d)R) (5) 

In particular, when we eventually create a lattice theory, the point group of 
the lattice will be a discrete subgroup of this SO{d)' , and not of SO{d)E, 
as one might have supposed. Since the details of each such construction are 
slightly different, let us restrict to generalities first (later we discuss in some 
detail how twisting works in the context of (2, 2) SYM in two dimensions). In 
every case we will consider, fermionic fields transform as spinor representa- 
tions under both SO{d)E and SO{d)R. Since the product of two half-integer 
spins always has integer spin, all fermionic degrees of freedom will be in 
integer spin representations of SO{d)\ direct sums of scalars, vectors, and 
general p-form tensors. Let us label a p-form fermion as In all of our 
applications, the T different fermions of a target field theory in d dimensions 
are distributed in multiplets of SO{d)' as 

fermions ^ ^(^^°^ © ^^^^ © • • • i^^"^^) (6) 

where the multiplicative factor up front is one, two, four or eight. For a given 
p-form, there are ^(p) fermions. Summing over all p, we obtain the total 

number of fermions in the target theory: ^ X]p=o (p) ~ 

Turning to the bosonic fields, the gauge bosons transform as (c?, 1) 
under SO{d)E x SO{d)R, while the scalars typically include a subset we 
can label as S^, transforming as {l,d). Thus both and transform as 
vectors (1-forms) under the diagonal SO{dy symmetry. In theories with 
more than d scalars in the untwisted theory, these remnants become either 
0-forms or ci- forms under SO{d)'. 

The Q supercharges also decompose into a sum of p-forms under the 
diagonal group: 

Supercharges ^(Q^^^ © Q^^' © . . . Q^'')) (7) 

We may then write the supersymmetry algebra without using any spinor 
indices just in terms of p-forms. What is important is the fact that there 



^ We will not distinguish spin groups Spin{n) from SO{n) unless otherwise specified. 
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exists one or more spin-0 nilpotent supercharges Q^^-* = Q. That means, the 
twisted formulation of the supersymmetry algebra contains a subalgebra 



(8) 



This nilpotent supercharge is then insensitive to the background geometry. In 
fact, if the base space of the theory is an arbitrary ci-dimensional curved man- 
ifold ikf^, then there exist no covariantly constant spinors. However, there 
may exist covariantly constant, spin-0 fields. Hence, globally, only the scalar 
supercharges are preserved when the theory is carried on curved spacetime. 
Furthermore, if M'^ is flat, this transition from integer-spin, p-form super- 
charges to spinor supercharges is a simple change of basis, a redefinition. In 
fiat spacetime, so long as the scalar supercharge is not declared as a BRST 
operator, there is no physical distinction between the twisted and untwisted 
theories. We can construct true topological field theories if we additionally 
require that the charge Q be interpreted as a BRST operator. This is dis- 
cussed throughly in the context of the string theory and the theory of four 



The application to topological field theories leads to the appearance of the 
term "topological twisting". In fact, the twisting operation can be thought 
of as conceptually unrelated to topological field theory or supersymmetry. 
As we will discuss, the well known staggered fermion formulation of lattice 
fermions (or Kogut-Susskind fermions) is in fact an example of twisting, with 
the lattice fermions living in a diagonal subspace of the flavor and real spaces 
as shown in Fig. [2l 

The action expressed in terms of fields which form representations of the 
twisted Lorentz group SO{d)' instead of the usual Lorentz symmetry, is called 
the twisted action. Typically, the twisted action can be expressed as a sum 
of Q-exact and Q-closed terms, where Q refers to one or more of the scalar 
supercharges. The arguments for this follow directly from the structure of 
the twisted subalgebra as we explain later. 

A key feature of this twisting process (shown in Figl2]) is that none of 
the degrees of freedom are spinors under SO{d)' . Both bosons and fermions 
are in integer spin representations. They are p-form tensors of SO{dy. This 
particular form of the twisted theory is the bridge to lattice supersymmetry 
and orbifold lattices. A p-form continuum field may naturally be associated 
with a p-cell on the hypercubic lattice We will see that this is exactly 
what an orbifold lattice does. The orbifold projection places the fermions on 



manifolds in 
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Figure 2: The lattice point group in supersymmetric lattices cannot be considered to be 
a subgroup of just the Lorentz group, but rather it is a subgroup of the product of the 
Lorentz group and and the i?-symmetry group, Gr. 

sites, links, faces, or more generally to p-cells. Moreover, since scalars of the 
Lorentz symmetry are 1-forms of the twisted theory, they can naturally be 
amalgamated with the gauge bosons into complex bosons - the two degrees 
of freedom being associated with oppositely oriented links. This complex- 
ification of gauge fields had been noted earlier in continuum twists of the 
AT = 4 theory [79^. 

We now see how twisting allows us to circumvent the first three obstacles 
listed in section 13.21 

i. By focusing on the nilpotent supercharge, the connection between su- 
persymmetry and infinitesimal translations is sidestepped; 

ii. By identifying the lattice symmetry with a discrete subgroup of SOi^d)' 
and implementing the supercharges which are S'0((i)'-scalars, the super- 
symmetric subalgebra we have selected does not interfere with obtaining 
a Poincare invariant continuum limit; 

iii. With fermions and bosons falling into similar SO{dy representations, it 
becomes possible to imagine that they could be treated similarly on the 
lattice as would befit members of the same supersymmetry multiplet. 

In relation to the fourth point in section [3T2l we will see that the /^-symmetries 
are not exact on the lattice, but emerge as accidental symmetries in the con- 
tinuum limit, along with Poincare invariance and full supersymmetry. 

One may ask how do these orbifold projections know about the repre- 
sentations of the twisted group ? We will come back to this point later, 
after discussing several applications. The punchline is that the point group 
symmetry of the supersymmetric lattice is not a subgroup of the Euclidean 
Lorentz group, but in fact a discrete subgroup of the twisted rotation group 
SO{dy. In the continuum, the orbifold lattice theory becomes the twisted 
version of the desired target field theory. And in fiat space, the change of vari- 
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ables which takes the twisted form to the canonical form essentially undoes 
the twist. 

The type of twist discussed in this section is sometimes referred as max- 
imal twist as it involves the twisting of the full Lorentz symmetry group as 
opposed to twisting one of its subgroups. In this sense, the four dimensional 
M = 2 theory can only admit a half twisting as its /^-symmetry group is 
not as large as S'0(4)^ The other two theories, A/" = 1 in = 4 and 
A/" = 1 in (i = 3 shown in Table [1] do not admit a nontrivial twisting as there 
is no nontrivial homomorphism from their Euclidean rotation group to their 
i?-symmetry group. Thus the methods described in this Report cannot be 
used in those cases. 

After this general discussion we turn now to a pedagogical discussion of 
these problems and their solution in the context of simpler models - namely 
supersymmetric quantum mechanics and the Wess-Zumino model. 

4. Supersymmetric quantum mechanics on the lattice 

Supersymmetric quantum mechanics constitutes a good toy model for 
both understanding some of the problems encountered when trying to study 
supersymmetry on the lattice and some of the ways to circumvent these 
problems. Specifically even in this simple model we will see the issue of 
fine tuning arising in naive discretizations of the continuum theory and how 
this can be handled in low dimensions by performing perturbative lattice 
calculations to subtract off the dangerous radiative corrections. Furthermore, 
we will also see how we can make a change of variables which exposes a 
nilpotent supersymmetry and allows us to write down a lattice action which is 
explicitly invariant under this supersymmetry. This change of variables is just 
the twisting procedure we have already alluded to but restricted to the case 
of one (Euclidean) dimension. We also show that the exact supersymmetry 
ensures that these dangerous radiative corrections then cancel automatically 
and the resulting lattice theory does not suffer from fine tuning problems. 

The continuum theory was first written down by Witten as a toy model 
for understanding supersymmetry breaking [80] . The model comprises a sin- 
gle commuting bosonic coordinate (j){t) and two anticommuting fermionic 
coordinates ipi{t), 4'2{t)- We will be working in the language of path inte- 
grals in Euclidean space which here means we treat the time coordinate t as 
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Euclidean. The continuum action reads 



H-ip'W^4^4 + #W.P''W) (9) 

where P' is an arbitrary polynomial in and P" its derivative. The function 
P(0) is often called the superpotential. 

4-1. Algebra - two supersymmetries 

This action is invariant under the two supersymmetries given below where 
eA, are infinitesimal Grassmann parameters. 

Sa(P = i'lf^A Sb(P = i'2eB 

Sa^i = SbiPi = -iP'es (10) 

at 

It is a simple exercise to verify these invariances. Simply carry out the 
variation of the fields and use the Grassmann property e.g. {eA,ipi} = 0. In 
both cases the only slightly nontrivial terms encountered take, in the former 
case, the form 

In this C3jS6 cL simple integration by parts sets the term inside the brackets 
equal to zero. From an operational point of view this is what ruins super- 
symmetry on the lattice - since this operation requires the use of the Leibniz 



rule which does not hold for lattice difference operators [8l|, |82]. Notice that 
5a = — when acting on any fielcll|. Since if = ^ in Euclidean space 
this corresponds to the usual supersymmetry algebra reduced to the quantum 
mechanics case of one dimension. 

4-2. Naive discretization 

Let us now proceed to discretize this theory initially in a naive manner 



83, 84 . Define the fields on lattice sites x = na, n = . . . L — 1 and 



replace integrals by sums using periodic boundary conditions on all fields. 



^We need to use the equations of motion to show this for ^ 
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To eliminate fermion doubling problems it is sufficient in one dimension to 
replace the continuum derivative with a backward (or forward) difference 
operator. 

A-/. = /(x)-/(x-a) (12) 

Upon this replacement and carrying out supersymmetry variation, one finds 
a non-vanishing variation in the A case of the form (B is similar) 

SaSl = Y.'^ {P'^~^2 + A-^P'Vs) . (13) 

X 

Using lattice integration by parts we find 

SaSl = ^ 5^ eV^2 (-A+P' + A-0P") (14) 

X 

bmce A" ^ A+ ^ ^ in the naive continuum limit it is clear that this term 
is 0(a) and vanishes in the naive continuum limit. However it clearly does 
not vanishing at finite lattice spacing and thus the naive lattice action is not 
invariant under supersymmetry transformations. 

As we emphasized earlier, the absence of an exact classical supersymme- 
try allows the quantum effective action to develop further SUSY violating 
interactions. This problem can be seen explicitly when we simulate this 
naive lattice theory. Fig. [3] shows a plot of the boson and fermion masses 
itlbL, mpL extracted from a simulation of the naively discretized action 
with P{(f)) = m(f) + g(f)^ with mL = 10.0 and gL^ = 100.0 shown as a function 
of the lattice spacing. Clearly they are not equal and indeed the problem 
worsens as a ^ consistent with the existence of relevant SUSY breaking 
counterterms. The plot also shows the expected result in the continuum 
limit m^L = mpL = 16.87 which can be computed straightforwardly using 
Hamiltonian methods. 

The mismatch arises through radiative corrections and hence we are led 
to an analysis of loop corrections in the lattice theory in the next section. 

4-3. Feynman diagrams and power counting 

In practice the only diagrams we need to be concerned about are ones 
with a positive superficial degree of divergence. Only these will generate 
relevant SUSY violating interactions in the lattice effective action. Reisz's 
theorem jsSj] guarantees that all Feynman diagrams with a negative degree 
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Figure 3: Boson and fermion masses vs lattice spacing for naive action 



of divergence converge to their continuum counterparts as a — - and hence 
cannot contribute new supersymmetry breaking terms. 

The good thing is that since this quantum mechanical model is super- 
renormalizable theory, there are only a finite number of such U.V sensitive 
diagrams and they occur at low orders in perturbation theory j83|, |86|, l87|, 



88l . l89l . |90[ |. Only these diagrams need to be examined carefully when we go 
to the lattice. We will see that it is possible that the contribution of such 
graphs in lattice perturbation theory do not converge to the continuum result 
as a — >■ and hence can yield SUSY breaking effects. The reason lies with 
the would-be fermion doublers in the lattice description - it is possible for 
these high momentum states to contribute additional effects at the cut-off 
scale. This is similar to the classic calculation of Karsten and Smit showing 



how the chiral anomaly arises in lattice QCD [91 



Let us take as an example once again the potential P' = m(j)+{ 



In this 



case it is a simple exercise to show that the only dangerous Feynman graph 
is the one-loop fermion contribution to the boson propagator (the diagram 
on the left in Fig. H]) . 
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Figure 4: One loop Feynman graphs for SUSYQM 



In the continuum this contributes: 

fa dp-ip + m 
27r + 

a 

where we use vr/a as the effective continuum momentum cut-off. The diver- 
gent piece of the integral is zero by the symmetry p — > —p and we find 

Scont = 65 (^^ tan-1 ~ 6^ Q + C»(ma)^ (16) 

The same diagram on a lattice of size L (and using a backward difference 
operator) yields 

6g \r-^ —2i sin {7[kL)e^^^^ + ma , , 

L f-' sm^ (^) 

k=0 ^ L, 

Notice that the phase factor breaks the k ^ —k symmetry. Indeed, the lattice 
yields twice the continuum result when the limit a ^ is taken after doing 
the sum. In order to understand this effect, use A~ = A'^ -|- \m\\r where A"^ 
is the symmetric difference operator having the same symmetry k ^ —k as 
the continuum, and mw is the Wilson operator i.e difference between forward 
and backward difference operators or equivalently the discrete laplacian. We 
can understand the lack of convergence to the continuum result as resulting 
from the additional contribution of a doubler state with A; ~ - and mass 

a 

determined by the Wilson term m ~ ^(^)- 
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Figure 5: Counterterm corrected boson/fcrmion masses (From Giedt et al. [83|) 



This additional contribution shifts the mass squared of the boson by an 
additional 3g which breaks supersymmetry. To restore SUSY one needs only 
add a new boson mass counterterm to the lattice action 



The resultant lattice theory does not manifest exact supersymmetry at finite 
lattice spacing but will nevertheless flow to the correct supersymmetric con- 
tinuum theory without further fine tuning as a — > 0. This can be seen in 
Fig. [5] which shows the boson and fermion masses derived from a simulation 
of the naive action corrected by this one-loop counter term. The x-axis shows 
the number of lattice points = Lphys/a. The upper two curves correspond 
to the boson and fermion masses. The lower curve corresponds to the result 
from the exactly supersymmetric action which we discuss next. The dotted 
line is the expected continuum value (the parameters coincide with those 
used earlier for the naive lattice action) 

Clearly the counterterm corrected lattice action generates boson and 
fermion masses which approach each other as the lattice spacing is reduced. 

We now turn to a lattice discretization which preserves supersymmetry 
exactly at non-zero lattice spacing. Such a theory will necessarily contain the 
counterterm we have just discovered plus additional irrelevant terms which 
will keep the boson and fermion masses equal to all orders in the lattice 




(18) 



X 
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spacing. 



4-4- Exact lattice supersymmetry 

In the last section we discussed how to diagnose the counterterms which 
must be added to the lattice action to avoid fine tuning. In general for 
d = 1,2,3 dimensions, the coefficients to these may be computed in per- 
turbation theory. However, in the case of this supersymmetric quantum 
mechanics model we can do better - it is possible to find a linear combina- 
tion of the supersymmetries which can be transferred intact to the lattice. To 
uncover this let us go back to eq. (fT3|l which shows the variation of the lattice 
action under the A-type supersymmetry and recognize that this term may 
be rewritten in terms of a variation of another operator under the B-type 
supersymmetry 

5A5i = -25B5^P'A-(/. (19) 

X 

Similarly it is not hard to show that 

5bSl = i6aJ2p'A-<P (20) 

X 

Thus the linear combination 



{6a + ^SB) Sl = - {Sa + ^SB) O (21) 

where O = ^^P' <P- Notice, again, that O would vanish in a continuum 
theory as it would correspond to a total derivative term. Thus a lattice action 
invariant under supersymmetry (JS'exact = can be constructed by adding O 
to the original naive action 

^exact _ ^ i(A-0)2 + Ip'^ ^ p, ^- ^ ^ ^ p,,^^ ^32) 



X 



where we have defined new fermion fields 



V = -^(^/^i-z^2) (23) 
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and the exact supersymmetry S = -^^^Sa + iSs)- The latter symmetry acts 
on the fields as follows 

6x = ipe 
dip = 

= {A-(j) + P')e (24) 

Notice that this derived supersymmetry is no longer the "square root" of a 
translation but instead is nilpotent (using the equations of motion). This fact 
is at the heart of how we are able to build an exact supersymmetry - the 
algebra of the corresponding supercharge is simply {Q,Q} = and does not 
involve the energy or momentum. Equivalently, the invariance SSl = does 
not require use of the Leibniz rule. 

Notice also that two super symmetries were required to find such a nilpo- 
tent supercharge - the continuum theory has extended supersymmetry. This 
will be seen to be a general property of lattice models with exact supersym- 
metry. It is not hard to show that the other supersymmetry 6' = ^ {6i — ^^2) 
is still broken on the lattice 

6'Sl = 26'0 (25) 

Finally, if we examine the form of the lattice action in eq. (122!) we see the 
bosonic piece can be rewritten 

Ss = ^(A-0 + P'(0))' (26) 

X 

The cross term that appears after the square is expanded is the correction 
needed to ensure exact supersymmetry. It vanishes in the continuum as a 
total derivative. While it is identically zero in the continuum it constitutes a 
new relevant operator by lattice power counting. It generates an additional 
bosonic 1-loop Feynman graph which cancels the corresponding fermion loop 
(due to the derivative interaction) restoring supersymmetry. 
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4-5. Nicolai map 

The partition functioiJ§ governing the quantum theory takes the form 

Z = J D(t)Di)D^e-^ = j D0det (A" + P") e"'^^ (27) 

Notice, however, a curious fact; if we imagine changing variables from 
to new variables M = A~0 + P'{(f)) we will encounter a Jacobian which is 

just det (^7^ j • This Jacobian cancels the fermionic action and yields a very 

simple expression for the partition function 92 



DATe-^^^' (28) 

corresponding to a set of simple uncoupled bosonic oscillators. This change 
of variables is called a Nicolai map and the existence of a local Nicolai map 
is at the heart of why these models may be discretized in a SUSY preserving 



manner 



92, 93 



It has immediate consequences; the detailed form of the superpotential 
P{4>) has disappeared in this final form of Z - hence the latter cannot depend 



on any coupling constants in the model - it is a topological invariant [22 
We may use this fact to derive an exact value for the expectation value of 
the bosonic action which holds for all interaction couplings. Replacing Sl by 
IxSl it is clear that Z does not change. The statement ^^f- = then implies 
that < Sl >= which in turn implies that the bosonic action 5*^ is given by 
the expectation value of the fermionic action. Since the latter is quadratic 
in the fermion fields a simple scaling argument shows the expectation value 
of the latter simply counts the number of degrees of freedom. We thus find 
that 

< Sb >= ^iVd.o.f (29) 

a result which usually only applies to a free theory but here is valid as a 
consequence of supersymmetry at all values of the coupling. As an example 
of this we quote the measured value < Sb >= 1.99985(20) obtained from a 



®In the path integral formulation, we impose supersymmetry preserving periodic bound- 
ary conditions for all fields. In operator formalism, this corresponds to the partition func- 
tion Z = tr[e^'^^(— 1)^] which, for supersymmetric theories, is just the Witten index of 
the theory. 
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Monte Carlo calculation using a lattice with L = 4 points and corresponding 
to the superpotential parameters mLphys = 2.5 and gL^^^^ = 6.25. This is to 
be compared with the exact result expected on the basis of exact supersym- 
metry < 5*^ >= 2. 

4-6. Ward identities 

The classical invariance of the action is manifested in the quantum theory 
by exact relationships between different correlation functions. Consider the 
expectation value of some operator O. If we make a change of variables 

(j) —>■ (j)' = (f) + 6(j) we find 

<0>=l [ D<p'0{(P')e-^^'t''^ (30) 



If (50 corresponds to some symmetry S'(0') = 5'(0) and, assuming the measure 
is also invariant under this shift, we deduce a corresponding Ward identity 

< 5C >= (31) 

Notice, that this result can be reinterpreted in the language of canonical 
quantization as the usual statement that the supercharge annihilates the 
vacuum in the absence of spontaneous symmetry breaking. 

This can be exemplified in the case of supersymmetry by choosing the 
operator O = ip^^Py yielding the Ward identity 

< i^.^y > + < {A~<f) + P'),<f)y >= (32) 

relating the fermion 2pt function to a bosonic correlator. A numerical cal- 
culation of this Ward identity is shown in Fig. [6] for the lattice parameters 
L = 16, mL = 10 and gL"^ = 100 corresponding to a strongly interacting 
theory with dimensionless coupling g/m"^ = 1. 

This result already ensures that the masses of the lowest lying fermionic 
and bosonic excitations must be equal - one of the most obvious predic- 
tions of a supersymmetric theory. Further evidence to this effect is shown in 
Fig.[7]which plots the lowest lying bosonic and fermionic masses versus lattice 
spacing. Evidently the masses are degenerate within rather small statistical 
errors. Additionally note that they appear to extrapolate rather nicely to the 
exact continuum answer obtained independently by Hamiltonian method^. 



^Additional work on lattice implementations of this model inclu ding; some high statis- 
tics, fine lattice spacing results can be found in the recent work 8^ 9J]. 
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Figure 6: Ward identity for supersymmetric quantum mechanics 
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Figure 7: Boson and fermion masses vs lattice spacing for supersymmetric action 
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Contrast this with the result obtained for the naive action shown in Fig. [3] 
for the same lattice parameters (again the continuum result is shown as a 
tick mark on the y axis). Clearly the boson and fermion masses are very 
different for small lattice spacing reflecting the necessity of introducing the 
appropriate counter term to ensure supersymmetry as a ^ 0. 

J^.l. Topological field theory form - twisting 

The nilpotent character of the exact supersymmetry can be rendered true 



off-shell by adding an auxiliary field B j22|. The off-shell algebra reads 



g0 


= ^ 




= 




= B 


QB 


= 



(33) 

where we absorbed the anticommuting parameter e into the variation 6 and 
introduced a corresponding fermionic variation Q which closely corresponds 
to the exact supercharge of the canonical formalism. It is trivial to verify 
that = now on all fields without use of the equations of motion. Using 
this field B the bosonic action can now be rewritten as 



Ss = J2-BiD-<P + P')-lB' (34) 



2 

X 

The original action is recovered after integration over B. It is easy to verify 
that the supersymmetry variation of the new action is still zero. 

Furthermore, it is now trivial to show that entire action is nothing but 
the Q variation of a particular function - it is said to be Q-exact. 



Sl = QJ2^{-D-<P-P'-Ib) (35) 



2 

X 

In obtaining the action, one must treat the fermionic variation Q as a Grass- 
mann and anticommute it through the other Grassmann fields. 

In this form the invariance of the lattice action is manifest - it simply 
relies on the nilpotent property of Q and the fact that the action is the Q- 
variation of something. This Q-exact structure should remind one of BRST 
gauge fixing and it turns out that this is not a coincidence - theories with lo- 
cal Nicolai maps and nilpotent supercharges such as the quantum mechanics 
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model discussed here can be obtained by a process of gauge fixing. How- 
ever, unlike the usual gauge fixing procedure the gauge fixing employed in 
this context arises during quantization of a bosonic model with a classical 
topological shift symmetry. 

Consider a theory comprising a bosonic field living on a lattice in Eu- 
chdean time. Take as classical action the trivial function S{(f)) — 0. To 
construct the quantum theory we must integrate over the field 0. But the 
classical theory is invariant under the topological symmetry 

X — > X + e (36) 

where e is an arbitrary smooth function. Thus, to quantize this model we 
must fix a gauge. Let us employ the gauge condition Af{(j)) — 0. The correct 
quantum partition function is then given by 

Z= f D0det(^)e-^^'W (37) 
J d(t) 

where we have included the usual Fadeev-Popov determinant and inserted 
an arbitrary gauge fixing parameter a. If we represent the determinant in 
terms of ghost fields and and choose the specific gauge fixing function 
M = D^(f) + P' (with Feynman gauge parameter a = 1) we recover our 
original quantum mechanics model! In this case the nilpotent supersymmetry 
we uncovered is nothing more than the usual BRST symmetry arising from 
quantizing the underlying topological symmetry and the Nicolai map is just 
the gauge fixing function! Thus, we see in our simple quantum mechanics 
example, that the nilpotent twisted supersymmetry we have constructed by 
taking linear combinations of the original supercharges has an alternative 
interpretation as a BRST charge arising in quantizing an underlying bosonic 
theory. 

In BRST gauge fixing we would then go on to impose the physical state 
condition that 

(5 1 physical state >= (38) 

To construct a true topological quantum field theory this is what is done. 

However, in the context of the lattice SUSY constructions described in 
this Report this is not what is done. Such a restriction would be equivalent 
to a projection to the vacuum states of the target supersymmetric theory 
- which is much too restrictive. Hence we will not impose this condition 
here and instead merely use the topologically twisted reformulations of these 
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supersymmetric theories as simply more convenient starting points for con- 
structing lattice actions which retain a degree of supersymmetry. 

As we have seen they simply correspond to an exotic change of variables in 
the original theory - one that exposes a nilpotent supersymmetry explicitly. 

4-8. Semiclassical exactness 

The topological structure that we have exposed in this quantum mechan- 
ics model, which is at the heart of our ability to discretize it, has many 
important consequences. Consider a set of Q-invariant operators such as 
Ci(xi), . . . , On{xn)- Most importantly, the expectation values and connected 
correlators of such operators in a theory with a Q-exact action S = QA may 
be computed exactly in the semi-classical limit. It is easy to see this - re- 
placing S by fiS we can write down an expression for the expectation value 

{O), = ^Jo e~^' (39) 

Differentiating this expression with respect to leads to 

^{O), = -{OQA), + {0),{QA), = (40) 

where the equality just follows from recognizing that OQA = Q{OA) which 
can be recognized as a supersymmetric Ward identity. Thus expectation val- 
ues of Q-invariant observables are independent of n in the absence of sponta- 
neous breaking of the Q- symmetry and hence can be computed exactly in the 
semiclassical limit /i — > oo. In this limit we need only do 1-loop calculations 
around the classical vacua0. Generalizations of this argument allow one 
to show that Q-invariant observables in the continuum twisted theories are 
independent of any background metric and, in the case where they are not 
Q-exact, possess expectation values that correspond to topological invariants 
of the background space. 

4-9. Supersymmetry breaking 

In this section we discuss, in the context of our lattice quantum mechan- 
ics model, a mechanism by which Q-supersymmetry may be spontaneously 



"This is the basis of the argument used by Matsuura to show that the vacuum energ 
of certain supersymmetric orbifold theories remains zero to aU orders in the couphng [9. 
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broken. This offers a prototype for the kind of dynamical susy breaking 
mechanism we would ultimately like to examine in lattice simulations of 
more realistic models. 

The partition function for the system with periodic boundary conditions 
on all fields is a topological invariant called the Witten index. We may 
evaluate it easily from the Nicolai map formulation. We may deform the 
map 

Ar(0) = A-0 + P'(0) (41) 

in such a way as keep only the highest power of in the potential A/'(0) 0". 
Consider the expression for Z in this limit (here 5* contains both the bosonic 
action Sb and the effective interaction coming from the fermions Indet(^)) 

/oo /"OO 
D(f)e-^ = / D(l)e-^ + / D0e"^ (42) 
oo J —oo Jo 

In the case where n is odd the map </> ^ A/" = 0" is single valued and the 
previous expression is just equivalent to 



DATe-^" (43) 

But for n even the map is not single valued and the limits on the first integral 
change leading to the result 

POO 

DUe-^' + / DMe-^' = Q (44) 



Thus the Witten index is zero for superpotentials where the highest power 
of in P'(0) is even. A no n- zero Witten index implies that supersymmetry 
is unbroken. A vanishing Witten index allows for supersymmetry breaking. 
To see this recall that the Witten index is simply the difference between the 
number of fermionic and bosonic vacua. If this is non-zero supersymmetry 
cannot break since any vacuum state that is lifted to positive energy nec- 
essarily occurs with a superpartner state of opposite statistics which is not 
possible if W is non-zero. However, if ly = supersymmetry breaking can 
(and often does) occur. 

However, powerful non-renormalization theorems guarantee that super- 



symmetry cannot break in any finite order of perturbation theory [96|. If 



it is to occur it must proceed through a non-perturbative mechanism - for 
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example instantons. In the quantum mechanics model these correspond to 
non-trivial field configurations satisfying 



d(f) 
Itt 



+ P\4>) = 



(45) 



Such non-trivial field configurations can occur when the asymptotic values 
of (f) tend to two different classical vacua as i — > ±00. The instantons are 
then just kink solutions. 

When -P'(0) = has only one solution they cannot occur but it is easy 
to construct examples where there are two solutions eg. P'{(p) = (0^ — a^) 
which clearly corresponds to a theory with vanishing Witten index 1^ = 0. 
The instanton solution is then 



where c is an arbitrary constant corresponding to the center of the instanton. 
For the bosonic action based on jV^ the action of this configuration is zero. 
Furthermore, associated with the center coordinate c is an exact bosonic zero 
mode of the form 



which is exponentially localized on the instanton. Supcrsymmetry then dic- 
tates that there is a corresponding fermionic zero mode. One can understand 
the vanishing of as a consequence of the Grassmann integration over this 
fermionic zero mode. Indeed, to get nonzero expectation values we need 
observables that absorb this zero mode. They are of the form 



But notice that this observable is itself the Q- variation of something. Hence, 
if instantons condense in the vacuum of this theory we will find < QO >7^ 
signaling supersymmctry breaking. 

It is instructive to see how one might see this breaking within a Monte 
Carlo simulation. On the lattice an isolated instanton cannot be realized 
because of the periodic boundary conditions on the bosonic field. The lowest 
energy configuration then consists of an instanton anti-instanton pair. If 
the pair are widely separated this is an approximate solution of the classical 
equations of motion with a classical action = Associated with this 




(46) 




(47) 



o = 



(48) 
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configuration there will be a low lying, localized and hence normalizable 
fermion mode which is a superpartner to the approximate bosonic zero mode 
corresponding to motion of the instanton center. In the thermodynamic limit 
this mode can induce supersymmetry breaking. The cleanest way to see this 
is to consider the system at non-zero temperature by employing antiperiodic 
boundary conditions for the fermions. These boundary conditions break 
supersymmetry explicitly and the question of whether supersymmetry breaks 
spontaneously is then reduced to a computation of the expectation value of 
the energy (written in Q-exact form) in the thermodynamic limit as the 
temperature is sent to zero. Numerical simulations of this theory indicate 
that the energy, extrapolated to first to zero lattice spacing, and subsequently 



to zero temperature, is indeed non-zero [97|, l98 



4.10. Generalizations 

4.10.1. Supersymmetric Yang Mills Quantum Mechanics 

These models arise as dimensional reductions of A/" = 1 SYM theory 
in d = 4, 6, 10 dimensions down to one (Euclidean) dimension. The d = 
10 theory with Q = 16 supercharges and colors is especially interesting 
as it is conjectured to be dual to type Ila string theory containing DO- 
branes. The type IIA string theory reduces to a supergravity theory for 
low energies compared to the string scale (a')~^/^. In this limit the thermal 
theory contains black holes with N units of DO-charge. Their energy, E, is a 
function of their Hawking temperature, T. Defining A = Ngga''^^"^ where gs 
is the string coupling, we may write a dimensionless energy and temperature 
e = EX~^/^ and t = TA^^/'^. One finds provided we take large and t ^ 1 
the black hole is weakly curved on string scales and the quantum string 
corrections are suppressed. The energy of this black hole can be precisely 
computed by standard methods [3] giving, 

e = c NH''/' c = I =^^^7t'^ ) ^ 7.41. (49) 

Duality posits that the thermodynamics of this black hole should be repro- 
duced by the dual Yang-Mills quantum mechanics at the same temperature 
with gsol~^l'^ = gyM so that A is to be identified with the 't Hooft coupling. 
A one dimensional lattice action with Q = 8 exact supersymmetries has 



been constructed for the target Q = 16 matrix quantum mechanics [34 
However, as our previous analysis shows, the renormalization of supersym- 
metric quantum mechanics is sufficiently simple that a naive latticization 
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may also be employed. The only diagram exhibiting a superficial degree of 
divergence D > corresponds to the one loop fermion contribution to the 
tadpole diagram for the field ip which has d = 0. However an easy calculation 
shows that the log divergent part of this amplitude contains a factor 

fabJab (50) 

which vanishes on account of the antisymmetry of the structure constants 
fabc- Thus any naive discretization of this theory (in which there are no dou- 
bles) will flow automatically to the supersymmetric theory in the continuum 



limit as was explicitly shown in [99 



A suitable lattice action takes the form S = Sb — lnPf((9) where 



S 



B 



L-l 
a=0 



{D-Xi) — [Xi^a, Xj^a\ 



and the fermion operator O is defined by 

{D_)ab 
iD-)ta 



ab 



(51) 



(52) 



and we have rescaled the continuum fields Xi^a and "^i^a by powers of the 
lattice spacing R/L to render them dimensionless (L is the number of lat- 
tice points). The covariant derivatives are given by {D^Wi)a = Wi^a — 
Ul_iWi^a~iUa~i and we have introduced a Wilson gauge link field Ua- Notice 
that the fermionic operator is free of doublers and is manifestly antisymmet- 
ric in this basis. 

Studies of the 16 supercharge model using this action have have been 
initiated in 45|, |4^. Work usin g a gauge fixed approach momentum space 



approach have been reported in [46|, |49|, |50|, |47|, |48|, |5l|, |52| . The results from 



the two methods are in agreement and lend strong support to the conjectured 
duality of strong coupling Yang-Mills quantum mechanics and type II string 
theory in AdS space. A comparison between the Yang-Mills system and its 
gravity dual is shown in Fig. [8] 

The plots shows the mean Yang-Mills energy (in units of As) versus di- 
mensionless temperature t = T/As for a number of colors in the range 
A^ = 3 — 12 obtained from a Monte Carlo simulation of the model 4^. The 
solid line shows the corresponding result obtained for the charge A^ black 
hole solution of type Ila supergravity as given in earlier in eq. fH9|) . The 
dashed line gives the high temperature result. It should be noted that the 
agreement seen in the figure was obtained without any fitting of the data. 
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6/t 




Figure 8: Mean energy vs temperature for SYMQM (points). Solid line corresponds to 
the prediction from the black hole solution in supergravity 



4-10.2. Sigma models 

The simple quantum mechanics model may be generalized by replacing 
the field by a set of fields 0* to be considered as coordinates in some target 
space with metric Qij . The fermions and auxiliary field B also pick up target 



space indices and the nilpotent symmetry is naturally generalized to [lO; 



Q^' = 

QB, = B,Tl^/j,-^^^Rl,,^iij, (53) 

The quantities F*^ and -Rj^^,; are the usual Riemann connection and curva- 
ture. It is straightforward to show that = on all fields. As before the 
supersymmetric lattice action takes the form 

S = PQY,i^J^^-^-g^^Bi] (54) 
Carrying out the variation and integrating over the field B yields 

S = (iY, (^^'-^^ - VfciV^fc + (55) 



38 



which is invariant under the on-shell SUSY 



Qi^' = 

Qi^, = M-i^,rliJk (56) 

The curved space lattice Nicolai map is simply 

Af' = (57) 

which allows us to rewrite the fermion kinetic term in the form 

(A+V^^ + n^A+fy^) (58) 

Notice that while the lattice action is now manifestly supersymmetric (and 
free of doubles) it is no longer general coordinate invariant in the target 
space - the term A"'"0'^ is not a target space vector unlike its continuum 
cousin involving derivatives. However, one might hope that this symmetry 
along with the other supersymmetry is restored in the continuum limit (large 
/3) where the fields vary slowly over the lattice. The re is some evidence for 



this in the analogous two dimensional sigma models [101|. It would be very 
interesting to investigate this in more detail in this simpler one dimensional 
case. 



4.11. Summary 

There are several conclusions we can draw from the discussion of these 
quantum mechanical models. The first is that low dimension supersymmetric 
theories can sometimes be handled using discretizations that break all the 
continuum supersymmetries - the super-renormalizable nature of the theories 
ensures that only a finite number of dangerous Feynman diagrams exist and 
they occur in low orders of perturbation theory. These diagrams can be 
computed using lattice perturbation theory and counter-terms can be used 
to subtract off the susy breaking effects. 

This has been verified in great detail in the work of the Jena group who 
have conducted high precision simulations of the non-gauge quantum me- 
chanics theory with very convincing results [iS]. But we have seen that 
things are even easier with exact supersymmetry - linear combinations of 
the original supersymmetries can be found which are nilpotent and a lattice 
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action constructed that is exactly invariant under one of these new supersym- 
metries. This is the simplest example of the more general twisting procedure 
discussed in the introduction to this Report. In one dimension there is no 
notion of Lorentz symmetry and the procedure reduces to the simple observa- 
tion that from the two real supersymmetries obeying Q\ = Q\ = H one can 
construct two complex conjugate symmetries Q = Qi+ iQ2, Q = Qi — iQ2, 
which are nilpotent. One of these can then be chosen to survive the transition 
to the lattice. 

We now turn to the simplest quantum field theory where a similar con- 
struction is possible and where Lorentz symmetry plays a less trivial role - 
the two dimensional Wess-Zumino model. 



5. Two dimensional theories without gauge symmetry 



5.1. Wess-Zumino Model 

Having discussed the case of quantum mechanics the next task is to see 
how to generalize these ideas to field theory. The simplest place to start is in 
two dimensions and perhaps the simplest example of a lattice theory which 
exhibits an exact supersymmetry is gotten by lifting the (non-gauge) quan- 
tum mechankstojwodime^ This will lead to a Wess-Zumino model 
23l . llQ2, l25|, 1 1031 . Il04j . 1 1051 . Il06| . (An alternative is to fine-tune a finite num - 



ber of counter-terms as in the 2-1-1 dimensional Wess-Zumino model 107l |.) 
We saw that for quantum mechanics a minimum of two supersymmetries was 
necessary to build an exact lattice supersymmetry so we are led to consider 
the M = 2 Wess-Zumino model with continuum action 



wz 



d'^x d^(f)d^(j) + W'{(j))W'{(j)) + ifj^^d^^ + 



+ ^ ( 1 (1 + 75) W"{<P) + i (1 - 75) W"{<P) ] i; 



(59) 



which contains a complex scalar field with analytic superpotential W{(j)), 
coupled to a Dirac fermion ip. It will turn out to be easier to rewrite the 
fermion action. Choosing a chiral basis 





^ 






^ -t\ 


7i = 1 







72 = 1 





(60) 
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allows us to rewrite the fermion operator as 



iW"( 



(61) 



To build a lattice action which preserves supersymmetry we will require a lo- 
cal Nicolai map as for quantum mechanics |[13i] . This means that the fermion 
operator should be realizable as a Jacobian representing the change of vari- 
ables from A/'(0). Analogy with one dimension together with the above 
form of the fermion operator suggests the form 



Ar(0) = 9^0 + 



(62) 



Indeed in the continuum the bosonic action derived from AOVT differs from the 
continuum one given by eq. (15^ by a cross term J dzdzdz(f)W' {(f)) +h..c, similar 
to that encountered in supersymmetric quantum mechanics. Again in the 
continuum this term is a total derivative and can be discarded. Discretizing 
this Nicolai map then leads to a lattice action 5*^ which is invariant under 
the following supersymmetry [21: 



131,123 



where 



Q\ 

Quj 



X 

UJ 




AT 
M 



(64) 



where ip 



In this expression we have replaced the 



continuum derivative by a symmetric difference operator. To remove the 
would be doublers from this expression one can add a Wilson mass term to 
the superpotential 

1^1(0) = W\<P) + ]-D+D^ct> (65) 
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L 


< Sb> 




4 


31.93(6) 


32 


8 


127.97(7) 


128 


16 


512.0(3) 


512 


32 


2046(3) 


2048 



Table 2: Mean bosonic action < Sb > versus exact SUSY value, equal to half the number 
of degrees of freedom. 



Again it is easy to see that = using the equations of motion. By 
introducing fields B,B we can again write the action in Q-exact form and 
render the symmetry Q nilpotent off-shell [23]. 



Sl = QY. 



^+iB)+A(F+lB 



(66) 



where the action of the supersymmetry Q contains the new elements 



Qlu 

Q\ 
QB 
QB 



B 
B 





(67) 



The existence of an exact supersymmetry results in a set of exact lattice Ward 
identities constraining the form of the quantum theory. Perhaps the simplest 
of these identities is given by < Sl >=< QA >= leading to a prediction for 
the mean bosonic action for any superpotential. This is illustrated in table [2] 
which shows the expectation value of the bosonic action as a function of the 
number of lattice sites. 

Again, the restoration of full supersymmetr y occ urs without fine tuning as 
a consequence of exact supersymmetry [23|, l25|, 1 1061 . l94j . Il08| . Figure [9] shows 



the bosonic and fermionic contributions to a particular Q-supersymmetric 
Ward identity resulting from the Q- variation of the operator O = (px^y in 
the theory with W{(f)) = TiKp+gcfP'. The parameters correspond to mL = 10.0 
and gL = 3.0 on a lattice with L = 8 x 8 sites. Clearly the two curves add to 
zero as would be expected for a theory which realizes exact supersymmetry. 
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0.04 



0.02 



-0.02 



-0.04 




Figure 9: Real parts of bosonic < > and fermionic contributions < Ax Ay > to 

Q-ward identity for Wess-Zumino model with superpotential parameters mL = 10.0 and 
gL = 3.0 
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5.2. Sigma models 

The one dimensional sigma model may be lifted to two dimensions if 
sufficient constraints are placed on the target space. In practice this means 
that the manifold should be Kahler. In the case of a curved target space 
we must add the Wilson term in the form of a twisted mass term rather 



than a superpotential. We refer to |lOl[ | for details. This breaks the Q 



symmetry softly although numerical results still favor the restoration of full 



supersymmetry without fine tuning in the continuum limit [101 



5.3. Twisting in two dimensions 

The process of exposing a linear combination of supercharges that is nilpo- 
tent can be understood in a systematic way. This will furnish an explicit 
example of the twisting process discussed in the introduction. 

Consider a two dimensional theory with 4 (real) supercharges (A/" = 2 su- 
persymmetry) . Such a theory contains 2 degenerate Majorana spinors which 
transform into each other under an internal 5*0(2)/ symmetry. The spinors 
also transform under an independent 50 (2)^; (Euclidean) Lorentz symmetry. 
Following on from our general discussion of twisting in the introduction it is 
possible to decompose the fields of the theory under the diagonal subgroup 
corresponding to making equal rotations in the base and internal spaces 

S0{2)' = Diag {S0{2)i x S0{2)l) (68) 

In practice this means that the supercharges {i corresponds to internal 



space, a to rotations) are to be treated as a 2 x 2 matrix [19|, |18|. It is then 
natural to expand the supercharge matrix on products of two dimensional 
Dirac gamma matrices (Pauli matrices) (/i = 1, 2) 

q = QI + Q^-i^ + gi27i72 (69) 

In this process we see that all the supercharges are decomposed in terms of 
geometrical quantities - scalars, vectors and antisymmetric tensors. Further- 
more the original supersymmetry algebra becomes 

{g,Q} = {gi2,Qi2} = {Q,gi2} = {QM,Q.} = o 

{Ql2,Qf,} = ^,iyPv (70) 

showing that indeed the scalar component is nilpotent as required. Actually 
we see that the momentum is Q-exact which makes it plausible that the 
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entire energy- momentum tensor is nilpotent. Thus it should be no surprise 
that supersymmetric theories reformulated in this twisted basis often have 
Q-exact actions as we have already seen 



5.4- Dirac-Kdhler fermions in two dimensions 

If the supercharges are tensorial we would expect the same to be true 
for the fermions themselves. Taking the standard free fermion action for a 
theory with 2 degenerate Majorana species and replacing the fermions ipl^ by 



matrices we find that it can be trivially rewritten as [19|, Il09 



= Tr [^^^9^^] (71) 

Expanding the matrices into (real) components (|?7, "V^^, X12) and doing the 
trace yields 

-^F = Ivd^^^t. + X12 {di^2 - d2^i) (72) 

This geometrical rewriting of the fermionic action yields the so-called Kahler- 
Dirac action which is most naturally rewritten using the language of differ- 
ential forms as 

^. {d - d^) ^ (73) 

where the Dirac-Kahler field \1/ is now just the set of components {^1], ip^, xu) 
and d is the exterior derivative whose action on general rank p antisymmetric 
tensors (forms) to'[^^...^p] yields a rankp+1 tensor with components co'[/xi.../ip/xp+i] 
and the square bracket notation indicates complete antisymmetrization be- 
tween all indices. The dot notation just indicates that corresponding tensor 
components are multiplied and integrated over space. The operator c?"'" is the 
corresponding adjoint operator mapping rank p tensors to rank p — 1. 

This recasting of the action in geometrical terms not only yields a nilpo- 
tent supersymmetry but allows us to discretize the action without inducing 
fermion doubles [9|]. The prescription is simple. 

• Replace a continuum derivative by a forward difference operator if it 
derives from the exterior derivative, a curl-like operation on the com- 
ponent fields. 



" Two known exceptions are the (Q = 8,rf = 3) and (Q = 16,rf = 4) target SYM 
theories. These theories, in their twisted and lattice regularized forms, contain a Q-closed 
operator in their action 33|, |34 1 . 
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• Replace a continuum derivative by the backward difference if it comes 
from the adjoint operator S, which implements a divergence-hke oper- 
ation on the component fields. 

We can see this explicitly if we take the preceding fermion action and write 
it in the form 



It is clear that the determinant of the matrix operator is equal to the usual 
double free bosonic determinant precluding the existence of additional ze- 
ros of the fermion operator. Thus, discretizations based on Dirac-Kahler 
fermions do not require additional ad hoc Wilson mass terms to be added. 
This turns out to be particularly useful for models with massless fermions 
such as the extended supersymmetric Yang Mills theories we consider later. 

Finally, notice that the action for free Dirac-Kahler fermions can be 
mapped into the action for staggered quarks. In two dimensions simply 
introduce a lattice with half the original lattice spacing. Place the link fields 
ipi{x), ip2ix) and the plaquette field Xiii^) on the sites of this new lattice 
with the scalar rj{x) being placed at the original site x. It is straightforward 
to verify that all the backward and forward differences now become symmet- 
ric differences acting now on these new site fields on the doubled lattice. The 
usual staggered phases arise as a consequence of the antisymmetrization of 
the derivatives. 

Indeed this latter construction offers yet another way to see that Dirac- 
Kahler fields have no doubling - they are equivalent at the free field level (all 
that matters for doubling) to staggered fermions. However, unlike the usual 
situation in QCD the supersymmetric theories we are studying automati- 
cally contain the correct number of degenerate fermion flavors represented 
by the full staggered fermion determinant and the usual rooting problem that 
plagues staggered fermion formulations of QCD is avoided. 

Finally, it is possible to recast our previous Wess Zumino construction in 
the language of these Dirac-Kahler fields. Consider just the kinetic term and 




(74) 



let 



1 

A = -01 + ^"02 



(75) 



Then the expression 



(76) 
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yields the previous Dirac-Kiihler action in two dimensions. The scalar field 
and its complex conjugate are formed from the bosonic partners (C, A^, B12) 
in the same way. 

Actually the appearance of these complex field combinations can be un- 
derstood from within a Dirac-Kahler perspective. From a given Dirac-Kahler 
field \l/ = (|?7, ip^, X12) we can construct a dual field with dual tensor com- 
ponents. This duality operation takes a rank p tensor and replaces it by 
a {d — p) rank tensor, and is a realization of Hodge duality on the lattice. 
Schematically 

fp ^ fd-p (77) 
where the dual components are given by 

(78) 

Notice that two applications of the duality operation yields minus the iden- 
tity. Thus a projector onto self-dual Dirac-Kahler fields would take the form 

P+ = i (/ + t*) (79) 

with a corresponding projector equipped with a minus sign for projection on 
anti-self dual fields. If we decompose the original Dirac-Kahler field on its 
self-dual and ant i- self- dual parts we can verify that the coontinuum Dirac- 
Kahler action separates into two independent parts. This allows us to restrict 
attention to say the self-dual component. This is what happens in the Wess- 
Zumino and sigma model cases. 



6. Two dimensional gauge field theories - twisted = (2, 2) SYM 

6. 1 . Continuum formulation 

In section [5I3] we argued that any two dimensional supersymmetric theory 
with four (or integer multiples of four) supercharges can be reformulated in 
twisted variables. Furthermore we have an uncovered explicit examples of 
this in the case of the M = 2 Wess-Zumino model and sigma models. How- 
ever, while the existence of a twisted formulation of a given continuum field 
theory is certainly a necessary condition for constructing a lattice model with 
exact supersymmetry, it does not guarantee that one exists. In general it is 
necessary for any lattice theory to satisfy additional constraints. Perhaps the 
most important of these is seen when we try to implement the procedure for 
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gauge theories. In this case the requirement that the discretization procedure 
maintaining exact gauge introduces additional difficulties which we have not 
considered up to this point. In this section we examine this issue in some 
detail concentrating on perhaps the simplest canonical case of 

M = (2, 2) SYM target theory in ci = 2 dimensions!^ The ffist Euclidean 
lattice formulation for this theory was given in Ref. [32| using the orbifold 
approach, which will be discussed in §7.2[ Lat tice formulations based on the 



concept of twisting were then proposed in [26l . Il09l |. These latter approaches 
start from a particular twist of the continuum theory given by the action 

S = PQTi j (fx (^r^[(P, 0] + 2x12^12 + X12B12 + i^^D^^ (80) 

Here all fields f{x) are in the adjoint representation of SU{N) with f{x) = 

§a=i^ f"'{x)T"' with antihermitian generators T" satisfying TrT"T^ = —5"* 
The covariant derivatives act as 

D,f = d,f+[A,J] (81) 

while the action of Q on the twisted fields is given by 





= 








= V 


Qv 


= [0,0] 


QBi2 


= [0, X12 


Qxi2 


= B12 




= 



(82) 

Notice that = 6^ an infinitesimal gauge transformation on the fields. 
Carrying out the Q-variation on eq. (IHOl) and subsequently integrating over 
the field B12 leads to the action 

S = PTrJ d'x Q[0, 0]^ - \v[<P, V] - F^2 - D,<PD,'^ 

- Xi2[0,Xi2] -2xi2(^iV^2-^2^i) -V'/.^m'7 + V^m[0,V'/.]) (83) 



^^In two dimensions supercharges can be specified as "left-handed" or "right-handed" , 
and this theory has two of each, so it is often called (2, 2) SYM. 

In f}6]and §6.41 we use anti-hermitian generators with TrT'^T'' = —d"-^. In the rest, 
our Lie algebra generators and their normalization convention is TrT'^T'' = +(5"''. 
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The bosonic sector of this action is precisely the usual Yang- Mills action while 
the fermionic sector constitutes, as expected, a Dirac-Kahler representation 



of the usual spinorial action [21 



It is worth pointing out that the twisted theory possesses an additional 
f/(l) symmetry inherited from the remaining i?-symmetry of the model which 
is given by 



Xl2 — 



?7 — i> e *"?7 



-2ia~ 



(84) 



Two different discretization schemes ha ve b e en propo sed to generate a 



lattice model from this continuum theo r y |lld. Ill 



simulations have already been done jllll . Ill2l . 1971 . Ill3 



en p : 



109( 1 and preliminary 
However, the lattice 
formulation described in |l09l | and |114| suffers from a doubling of degrees 
of free dom with respect to the continuum theory which has be en di scussed 
The lattice formulation introduced by Sugino in 



m 



115 



110 is also 



problematic since the vacuum state turns out to be infinitely degenerate at 
least in dimensions greater than two. 

Both sets of problems can be evaded using a alternative twist based on the 



strictly nilpotent supercharge Q + iQi2 introduced later [4ll, |42|- As we will 



see the resultant lattice actions then reproduce precisely the corresponding 
orbifold actions jsll , which we discuss in §7.2[ Before describing this alterna- 
tive twist we show how to construct the action of the additional (non-scalar) 
twisted supersymmetries on the twisted fields. This is an important issue as 
it allows us to construct Ward identities for all the broken supersymmetries 
in the discretized theory. The question of whether the full supersymmetry 
of the continuum target theory is regained in the continuum limit can then 
be examined by examining whether these Ward identities are satisfied as the 
lat tice s paci ng is sent to zero. Preliminary work in this direction is reported 



m 



116, 112 



6.2. Additional twisted supersymmetries 

It is straightforward to construct the add itional twisted supersymmetry 



transformations of the component fields 1121]. As we have described in sec 
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tion 15.41 the fermion kinetic term can be written in the matrix form 

Sf = J d'^xTr^^.D^ (85) 
where \1/ corresponds to the matrix form of the Dirac-Kahler field 

^' = |j + V'mT/. + Xi27i72 (86) 

This term is clearly invariant under \E'^^r*,z = 1...4 and F* corresponds 
to one of the set (/, 7i, 72, 7172) Consider first the case F"^ = 7172. In terms 
of the component fields the transformation \E'F^ effects a duality map 

V 

2 ^ 

V 

X12 - - 

-(^fiui^v (87) 

Such an operation clearly leaves the Yukawa terms invariant and trivially all 
bosonic terms. It is thus a symmetry of the continuum action. By combining 
such a transformation with the original action of the scalar supercharge one 
derives an additional supersymmetry of the theory - that corresponding to 
the twisted supercharge Q12. Explicitly this supersymmetry will transform 
the component fields of the continuum theory in the following way 



Ql2^M 








Q12X12 






Q12-B12 




Ql20 


= -2X12 


Q12- 


= B12 


<5l20 


= 



(88) 

From the Q and Q12 transformations it is straightforward to verify the fol- 
lowing algebra holds 

{Q,Q} = {Qi2,Qi2} = S^ 
{Q,Qi2} = (89) 
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where 5^ denotes an infinitesimal gauge transformation with parameter 0. 
This allows us to construct strictly nilpotcnt symmetries Q± = Q ± iQi2 in 
the continuum theory corresponding to using the (anti)self-dual components 
of the original Dirac-Kahler field. 

In the same way we can try to build an additional supersymmetry by 
combining the invariance of the fermion kinetic term under ^ — > with 
the existing scalar supersymmetry. This effects the following transformation 
of fermion fields: 




Xl2 -V'2 




1p2 ^ -Xi2 (90) 

However, the Yukawas and bosonic terms are only invariant under such a 
transformation if we simultaneously make the transformation —(p. The 
resultant explicit action of Qi and Q2 on the component fields is given by 





V 

2 


Q2A,^ 


X12 




-X12 


Q2A2^ 


V 
2 


Q\ipi = 




Q2'ipl = 


B12 




—B12 


Q21P2 = 




Q1X12 = 


-D2'4> 


Q2X12 = 




Q1B12 = 


[0,^2] 


Q2B12 = 


-[0,^1] 


Qi0 = 





Q20 = 





n"^ - 








= 




Q20 = 


-2V'2 



Again, we can verify the following algebra holds 

{Qi,Qi} = {Q2,Q2}^S_^ 

{Qi,Q2} = (92) 
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with a corresponding gauge transformation with parameter —0. This 
allows us to construct yet another pair of nilpotent supercharges in the con- 
tinuum theory = Qi ± iQ2. 

It is interesting to check also the anticommutators of these new charges 
Q± and Q^. It is a straightforward exercise to verify the following algebra 
holds on-shell 

{Q+.Q-} = {Q-,Q+} = 
{Q+,Q+} = 4(Di + zD2) 

{g„,Q_} = A{Di-tD2) (93) 
As an example consider {Q^,Q^}ipi 

{Q+,Q+} = {Q, Qi} - {Qu, Q2} + 1 ({Q12, Qi} + {Q, Q2}) (94) 

Using the component transformations listed above the relevant anticommu- 
tators are 

{Q,Qi}^i = 2DiV'i 

{Q,Q2}^1 = 2Di7/>2 + 2[0,Xl2] 
{Ql2,Ql}V^l = 2D2V'l 

{Qi2,Q2}V^i = 2D2V'2 + [0, r/] (95) 

Thus we find 

{g+, g+}V^i = 2DiV^i - 2D2^2 - [0, V\ + ^(2/^1^2 + 2/^2^1 + 2[0, X12]) (96) 
Using the equations of motion 

- 2A^i - 2D2V'2 - [0, r/] = 
-2Z}2V'i + 2/^1^2 + 2[0,xi2] = (97) 



we can easily verify the second line of eq. (1931) . Notice that from these new 
charges Q±, we can build spinorial supercharges of the form 



Q- 



(98) 



in which case the algebra given in eq. fl93|) represents the usual supersymme- 
try algebra in a chiral basis (up to a gauge transformation). 
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6.3. Self -dual twist 

As we have seen it is possible to derive an additional strictly nilpotent 
supersymmetry in the gauge theory case by combining the scalar charge Q 
with its dual pseudoscalar charge Q12 in the form Q = Q—iQi2- Furthermore, 
using the transformations derived in the previous section we can easily show 
that 

QA=Q (A, + iA^) = 2 (V^i + #2) 

Q(V^i + #2) = 

QA=Q (Ai - iA2) = (99) 

This new supercharge is associated to a alternative twist of the Yang-Mills 
theory which we may call the self-dual twist. It will turn out that this twist 
is intimately connected to the orbifold lattice constructions we discuss next. 
The key observation is that the original 4 on-shell bosonic degrees of freedom 
can be realized in terms of the complex gauge fields A/j, and A^ together with 
a new set of twisted supersymmetry transformations 

QA^ = 
Q^M = 
QA^ = 

Qt] ^ d 

Qd ^ (100) 

Notice that this supersymmetry implies that the fermions are to be treated as 
complex which is natural in a Euclidean theory. As in previous constructions 
the twisted action in two dimensions can be written in Q-exact form S — 
PQ A where A now is given by the expression 

A = y T: (^x^.^^T^^ + ^mI - l^d^ (101) 

and we have introduced the complexified covariant derivatives (we again em- 
ploy an antihermitian basis for the generators of U{N)) 

T>i, = d^, + A^ = d^ + A^, + iB^ 

= d^ + A^^d^ + A^-iB^ (102) 
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Doing the Q-variation and integrating out the field d yields 



S = j^r fy-T^,T^,, + ]^p^, V^f - x^vV^^^u] - r(D^^^ (103) 
The bosonic terms can be written 

l\V,,V,Y = -2iD,B,f (104) 

where and denote the usual field strength and covariant derivative 
depending on the real part of the connection A^. After integrating by parts 
the term linear in F^^ cancels and the final bosonic action reado 

Sb = Jtt {-Fl^ + 2B^D,D,B^ - [B^, B,]^) (105) 

Notice that the imaginary parts of the gauge field have transformed into the 
two scalars of the SYM theory! This is further confirmed by looking at the 
fermionic part of the action which can be rewritten in 2 x 2 block form as 

/ ^ x / -D2-iB2 Di + iBi \ f tpi \ 



Di - iBi D2 -1B2 J , 

which is easily recognized as the dimensional reduction of A/" = 1 SYM the- 
ory in four dimensions in which a chiral representation is employed for the 
fermions. As usual the scalar fields B^ arise from the gauge fields in the 
reduced directions. 

6.4. Lattice theory for (2, 2) SYM 

In this section we show how to discretize this self-dual twist of the two di- 
mensional Yang-Mills model with Q = 4 supercharg es. T o do this we employ 



the geometrical discretization scheme proposed in |109| . In general contin- 
uum p-form fields are mapped to lattice fields defined on p-subsimplices of a 
general simplicial lattice. In the case of hypercubic lattices this assignment 
is equivalent to placing a p-form with indices /ii . . . /Xp on the link connecting 



^ The bosonic action is real positive definite on account of the antihcrmitian basis that 
we have chosen. 
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X with (x + /Lti + . . . + fip) where fii, i = 1 . . .p corresponds to a unit vector in 
the lattice. Actually this is not quite the full story; each link has two possible 
orientations and we must also specify which orientation is to be used for a 
given field. A positively oriented field corresponds to one in which the link 
vector has positive components with respect to this coordinate basis. 

Continuum derivatives on such a hypercubic lattice are represented by 
lattice difference operators acting on these link fields. Specifically, covariant 
derivatives appearing in curl-like operations and acting on positively oriented 
fields are replaced by a lattice gauge covariant forward difference operator 
whose action on lattice scalar and vector fields is given by 

PW/(X) = W,(x)/(x + fi)- /(x)W^(x) 
P(+V.(x) = W^(x)/,(x + /x) - /.(xK(x + u) (107) 

where x denotes a two dimensional lattice vector and n — (1,0), u = (0, 1) 
unit vectors in the two coordinate directions. Here, we have replaced the 
continuum complex gauge fields by non-unitary link fields = e*"^'". The 
backward difference operator replaces the continuum covariant derivative 
in divergence-like operations and its action on (positively oriented) lattice 
vector fields can be gotten by requiring that it to be the adjoint to 
Specifically its action on lattice vectors is 

v^-^M^) = ^(x)Z7^(x) - Z7^(x - /^)/^(x - ax) (108) 

The nilpotent scalar supersymmetry now acts on the lattice fields as 

QU^ ^ 

Qd ^ (109) 

Here we written the lattice field strength as 

= T^\^^U,{^) = U^{-K)U,{-K + n)- U,{^)U^{^ + u) (110) 

which reduces to the continuum (complex) field strength in the naive contin- 
uum limit and is automatically antisymmetric in the indices (/x, u). 
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Notice that this supersymmetry transformation imphes that the fermion 
fields ip^ have the same orientation as their superpartners the gauge hnks 

and run from x to (x + ^). However, the field Xtiv niust have the same 
orientation as J-'^J and hence is to be assigned to the negatively oriented 
link running from [x + + u) down to x i.e parallel to the vector (—1, — 1). 
This link choice also follows naturally from the matrix representation of the 
Dirac-Kahler field \l/ 

r^J + 7^ + Xi27i72 (HI) 

which associates the field Xi2 with the lattice vector /xi + = M + ^- We 
will see that the negative orientation is crucial for allowing us to write down 
gauge invariant expressions for the fermion kinetic term. Finally, it should 
be clear that the scalar fields vj and d can be taken to transform simply as 
site fields. 

These link mappings and orientations are conveniently summarized by 
giving the gauge transformation properties of the lattice fields 



G(x)r/(x)Gt(x) 

G'(x)^^(x)Gt(x + M) 
G'(x + /x + i/)x^^G't(x) 
G(x)r/(x)Gt(x) 
G'(x + Ai)W^(x)Gt(x) 



'112) 



We will see shortly that this decomposition of the fermionic degrees of free- 
dom over the lattice is identical to that encountered in the orbifolding ap- 



proach to lattice supersymmetry [32] • Furthermore, the above Q- variations 
and field assignments are equivalent to the formulation described in 28| pro- 
vided that we set the fermionic shift parameter a in that formulation to zero 
and consider only the corresponding scalar supersymmetry. 
The lattice gauge fermion now takes the form 

A = J] Tr {x,uV^;^U, + ifD^-\ - \r^d^ (113) 



It is easy to see that in the naive continuum limit the lattice divergence 
equals [D^^V^^. Notice that with the previous choice of orientation 
for the various fermionic link fields this gauge fermion is automatically invari- 
ant under lattice gauge transformations. There is no need for the doubling 
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of degrees of freedom encountered in 1091 . Ill7l |. Those constructions utilize 



the twist described earher in section 16.11 in which the nature of the gauge 
fermion and the scalar supercharge led to the presence of explicit Yukawa 
interactions in the theory. These, in turn, required the lattice theory to con- 
tain fermion link fields of both orientations and hence led to a doubling of 
degrees of freedom with respect to the continuum theory. For the self-dual 
twist the Yukawa interactions are embedded into the complexified covariant 
derivatives and successive components of the Dirac-Kahler field representing 
the fermions can be chosen with alternating orientations leading to a Dirac- 
Kahler action which is automatically gauge invariant without these extra 
degrees of freedom. 

Acting with the Q-transformation shown above and again integrating out 
the auxiliary field d we derive the gauge and Q-invariant lattice action 

5 = 5^ Tr (^^^t J-^, + i ' - Xm^^^J^Vh - ^^1" Vm) (114) 



But this is precisely the orbifold acti on arising in [3^ with the modified 



deconstruction step described in |118l ] and [40| which we will describe in 



detail in the next section. The two approaches are thus entirely equivalent. 

We can use this geometrical formulation to show very easily that the 
lattice theory exhibits no fermion doubling problems. The simplest way to 
do this is merely to notice that the lattice action at zero coupling U I 
conforms to the canonical form required for no doubling by the theorem of 
Rabin [9|. Explicitly, discretization of continuum actions written in terms 
of p-forms will not encounter doubling problems if continuum derivatives 
acting in curl-like operations are replaced by forward differences in the lattice 
theory while continuum derivatives appearing in divergence-like operations 
are represented by backward differences on the lattice. More precisely the 
continuum exterior derivative d is mapped to a forward difference while its 
adjoint d"^ is represented by a backward difference. 

An alternative way to see this is to examine the the form of the fermion 
operator arising in this construction. 

( - i ) ( S> ) ( ) 

Clearly the determinant of this operator in the free limit is nothing more 
than the usual determinant encountered for scalars in two dimensions and 
hence possesses no extraneous zeroes that survive the continuum limit. 
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exact 


1.0 


4.39(2) 


4.5 


10.0 


4.49(1) 


4.5 


100.0 


4.49(1) 


4.5 


1000.0 


4.52(2) 


4.5 



Table 3: Bosonic action versus exact SUSY value for the S = 4, SU (2) matrix model. 



Numerical simulations of this an d rel ated models are just beginning. They 
rely on using the RHMC algorithm 119l | to handle the non-local Pfaffian that 
arises after integration over the twisted fermions. Table [3] shows results from 
a simulation of the zero dimensional SU{2) matrix system which arises by 
dimensional reduction of the Q = 4 twisted action we have described. As 
for quantum mechanics, exact supersymmetry allows us to predict a value 
for the expectation value of the bosonic action kSb which is independent of 
coupling K and this result is strongly borne out by the Monte Carlo dat80. 

One of the most interesting questions that arises in these models con- 
cerns the nature of the vacuum. Classically the models possess a continuous 
infinity of vacua corresponding to taking the complex bosonic link fields to 
be diagonal matrices which are constant over the lattice. Integration over 
these flat directions may then lead to IR divergences. This issue has already 
been examined via numerical simulations (see fig. [T0|) where it is found that 
contrary to naive expectation the eigenvalues of the scalar fields (imaginary 
parts of th e complex link field) remain localized close to the origin in field 



space [122]. These preliminary simulations are encouraging as they show 
that these new lattice actions may indeed be very useful starting points for 
numerical explorations of strongly coupled supersymmetric systems. 

Our discussion thus far has taken us from simple quantum mechanics 
models to genuine field theories with non-abelian gauge symmetry. In all 
cases the approach we have followed is to rewrite the theory in terms of so- 
called twisted variables which naturally exposes a scalar supercharge which, 



^^In this case the Pfaffian phase is exactly zero and so poses no problem in the sim- 
ulation. In two dimensi ons large phas e fluctuations are encountered for the model with 



Q = 4 supersymmetries 1201 121 . 122 1. These phase fluctuations seem much smaller for 



the model with Q = 16 supersymmetries and can be handled by standard re-weighting 
techniques. 
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Figure 10: Probability distribution for the eigenvalues of scalar fields in SU{2) theory with 
Q = 4 supersymmetries in two dimensions 



with care, may then be transferee! to the lattice. The twisted constructions 
are elegant and physically well motivated but the precise discretization pre- 
scription has been arrived at in a somewhat ad hoc manner. We will now 
turn to the orbifold constructions for gauge theories and show how these 
discretization rules re-emerge in an essentially unique way, being determined 
only by the global symmetry of the continuum theory and the requirement 
of one or more exact supersymmetries. 



7. Supersymmetric lattices from orbifold projection 



In this section we turn to an alternative construction of supersymmetric 
lattice actions based on the ideas of deconstruction and orbifolding. On the 
face of it this seems quite independent of the discretized twisted constructions 
we have discussed in the last couple of sections. Nevertheless we will see on 
closer analysis that both approaches are intimately connected and lead to 
similar lattice actions in the case of Yang-Mills theories. As we will show, 
the orbifold approach is a very powerful way to generate all the known SYM 



lattices, and in fact was how they were first derived for spatial lattices [31 



and Euclidean spacetime lattices [32, l33|, l3J, [35 
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7. i. Deconstruction:The AHCG model 

The starting point is the deconstruction method of Arkani-Hamed, Cohen 



and Georgi (AHCG). In reference 38|] the authors were not concerned with 



latticizing supersymmetry; instead they wanted a precise field theoretic way 
to examine claims about the phenomenology of certain field theories in five 
dimensions. In order to avoid ill-defined problems with renormalization in 
five dimensions, they constructed a theory with four continuous dimensions, 
and a latticized fifth dimension. This can be viewed as a c? = 4 field theory 
with many "flavors" of fields, corresponding to the discrete values of the fifth 
coordinate. A diagram of the theory of interest is given in Fig. [TTl it is 
an A/" = 1 supersymmetric field theory in = 4 with gauge group U{k)^ 
with a single gauge coupling g, where each U{k) factor appears as a node 
in the picture. The n*^^ node has a vector multiplet associated with it — a 
gauge field vin^ and a gaugino A*^"^. In addition there are matter fields in 
the form of chiral supermultiplets which appear in the figure as directed 
links between nodes n and (n + 1); they transform as bifundamentals (□, □) 
under the U{k) x U{k) gauge symmetry associated with those two nodes, and 
are neutral under the rest of the gauge symmetry; they represent the scalar 
and fermion component fields (0*^"^^ ■j/'^")). All the interactions in this model 
are supersymmetric gauge interactions (which include certain Yukawa and 
0^ couplings). Note that since all the fields transform as either adjoints of 
U{k) or bifundamentals of U{k) x U{k), they can all be represented as k x k 
matrices with non-zero trace. 

So far, this model doesn't look at all like a lattice for a 5D theory; al- 
though there are interactions between nearest neighbors the fifth direction, 
there are no bilinear "hopping terms" corresponding to kinetic energy oper- 
ators for motion in this extra dimension. However, the authors noted that 
the theory has a "flat direction" corresponding to 

(0^'^^) = 4^U (116) 
av2 

where 1^ represents that k x k unit matrix, and a is a length scale. By fiat 
direction, we mean that the theory has a degenerate ground state, where the 
vacuum energy is unaffected by the simultaneous shift of all the scalar link 
fields (f)^"'^ as in eq. (11161) . Furthermore, as we will elaborate on below, AHCG 
noted that the parameter a behaves like a lattice spacing, and that in the 
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Figure 11: A diagram for the AHCG deconstruction model, which is a d = 4, A/" = 1 super- 
symmetric gauge theory. Each node corresponds to an independent U{k) gauge symmetry, 
with the associated vector supermuhiplet Vn- The hnks represent chiral superfields 
which transform as bifundamcntals under the gauge symmetries of the nodes they connect. 

limit 

N oo , g ^ , aN = L5 (fixed) , g'^/a = g1 (fixed) , 

(117) 

the model of Fig. [TT] has two amazing properties: 

• it possesses = 5 Poincare invariance; 

• it possesses Q = 8 supercharges, even though the d = A model in Fig. [11] 
only respected Q = 4 exact supersymmetries. 

This is exactly the type of phenomenon we were looking for! Both Poincare 
symmetry and supersymmetry are enhanced in the continuum limit without 
any fine tuning of the theory. 

We now sketch out how the 5D kinetic terms emerge in the AHCG model 
in the a — > limit, and then discuss how to generalize their procedure to gen- 
erate true lattices where every spacetime dimension is discretized, a method 
called "orbifolding" . 

7.2. Continuum limit of the AHCG model 

The Lagrangian for the AHCG model possesses four types of terms: 

1. The Yang-Mills action for the gauge fields fm"*; 
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2. Gauge interactions for the adjoint gauginos A^"-* and the bifundamental 



matter fields (j)^'^^ and the latter involving both Vm and 



m ) 



3. Yukawa interactions for the form ^„Tr A*^"^ — 0^" i)); 

4. A 0^ interaction (called the "D-term") proportional to Tr — 

It is easy to see then that indeed eq. (11161) is a fiat direction of the theory, 
since the D-term vanishes if each field 0*^"-' equals the same diagonal matrix. 
To see how the continuum limit emerges, we expand the fields about their 
vacuum value as 

^<».w 1 u + £!!!M±i^M (U8) 

av2 v2 

where s and are hermitean matrices. Then, for example, the [d = 4) 
kinetic term for in the AHCG action is 

> ^ [ d'^xTr {D^sf - Tr v^^v^''' , (119) 

2^1 J 

where is the d = b gauge field strength. Note that the 5D kinetic term 
for the gauge field has emerged in this limit. 

The scalar "D-term" in the AHCG model provided the 5D kinetic term 
for the field s in the same limit: 

I d'xTi (0("+i)0("+i) - 0(")0(")) >^ [ d'xTi {D,sf . 

^9 ^ J 2^5 J 

(120) 

Note that this 5D term is normalized the same way as the {D^j_sY term in 
the previous equation, as required by 5D Lorentz invariance. 

In the AHCG model, the two Weyl fermions — the gaugino A and the 
matter field ip — combine to form one, 4-component, c? = 5 fermion 

^ = Til , ^ = A) (121) 
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in the 7-matrix basis 




) 



75 



( 



1 



1 



) 



(122) 



The fifth dimensional part of the fermion kinetic term (and the \E' — s inter- 
action) arises from the Yukawa interaction in the d = 4 theory: 



It is easy to figure out the hmit of the remaining terms. The conclusion 
is that a 5D supersymmetric gauge theory emerges in the continuum limit, 
consisting of the scalar s arising as the real part of the link scalar 0, the 
fermion ^ arising both from the gauginos A living at the sites of Fig. [Ill 
as well as the link fermions ip; and the 5D gauge field consisting of the four 
components of living on the sites, and f 5 arising as the imaginary part of 
the link scalar 0. It is fascinating to see how these 5D multiplets form by 
combining both site and link variables. Most importantly for our purposes, 
recall the claim that this 5D gauge theory possesses Q = 8 supersymmetries, 
which has somehow emerged in the a — > limit from the original Q = 4 
theory, without any fine tuning. 

The mechanism by which enhanced supersymmetry emerges in the con- 
tinuum limit of the AHCG model [s^ is what has been long sought for in a 
lattice theory — but it is itself still a theory in four continuous dimensions 
and not on a lattice. To construct a true supersymmetric lattice, we must 
"reverse engineer" the AHCG model to find general principles for how it is 
constructed, and then apply those principles to constructing true spacetime 
lattices. 

7.3. The AHCG model via orbif aiding 

A simple procedure exists for producing the theory represented by Fig. [TT] 
with N sites and a U{k)^ gauge symmetry. The idea is to start with a 
"mother theory" which has the following properties: 

• it is a (i = 4 field theory like the AHCG model; 

• it possesses the huge gauge group U{Nk); 




'5 J 



(123) 



63 



• it respects the number of supersymmetries of the target theory, namely 
Q = 8. 

In other words, it is a (i = 4, Q = 8 gauge theory with gauge group U{Nk); 
such a theory is known as an A/" = 2 SYM theory. 

What we will then do is project out a Z^v symmetry (which means: iden- 
tify a Zn symmetry in the theory, and set to zero all fields which aren't 
neutral under that symmetry). This projection (called an orbifold projec- 
tion) breaks the gauge symmetry from U{Nk) —>■ U{k)^ , and it breaks half 
the supersymmetries of the theory, from Q = 8 to Q = 4. That leaves us 
with the AHCG model. 

To see how this works, consider the field content of an A/" = 2 SYM 
theory. The gauge multiplet consists of a gauge field f^, two Weyl gauginos 
A'-^'^-', and a complex scalar 0. It is also useful to decode the structure of 
the M = 2 supersymmetry in terms of A/" = 1 supersymmetry multiplet as 
we eventually want to know which supersymmetries survive the projection. 
The M = 2 matter content diamond shown in Fig. [12] can be decomposed 
in terms of A/" = 1 multiplets V = {vm,X^^^), $ = (0, A^^^) and Af = V 
multiplets V = {vm, A^^^), $' = (0, A^^^) as shown below: 

Vm (124) 




Ad) A(2) 




Note the similarity between this multiplet and the field content appearing 
in Fig. [m Each of the fields transforms as the adjoint representation of the 
gauge group, which in our case is U{Nk)] that means we can represent the 
fields as Nk x Nk matrices, acted upon by the gauge transformation U as 
(f) U(f)W (except for the gauge field, which has the usual inhomogeneous 
transformation) . 

But how to define the symmetry which tells some fields to become 
site variables and others to become link variables in the AHCG model? The 
M = 2 SYM action possesses an SU{2) x f/(l) i?-symmetry, under which 
the fields transform as shown in Fig. [121 We can find a symmetry which 
distinguishes between fields destined to become site variables {vm and A*^^^) 
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Figure 12: The fields for TV = 2 SYM theory, along with their SU{2) x [/(I) i?-symmetry 
quantum numbers. The charge r = (F— Ts) distinguishes which fields become site variables 
in the AHCG model and which become link variables (r = and r = 1 respectively). 
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link variable 
from x=4 to x=5 



Figure 13: Illustration of how a 9/c x 9fc matrix can represent a ID lattice with N = 9 
sites. The highlighted k x k block represents a. k x k matrix- valued field residing on the 
directed link from site a; = 4 to site a; = 5. 



and link variables (A^^-* and 0) by defining a U{1) charge r which lives in the 
SU{2) X U{1) i?-symmetry: r = Y — T3, where Y is the U{1) charge and T3 
is the third SU (2) generator. Then as shown in Fig. [121 site variables have 
r = and link variables have r = 1. 

Each of the different types of fields of the AHCG model — each of the N 
"flavors" of k X k matrices — can be represented as a single sparse Nk x Nk 
matrix, as illustrated in Fig. [121 We think of the big Nk x Nk matrix as 
being made of A^^ kxk blocks, each labeled by a row number rij and a column 
number nj; then that block can be thought of as living on a ID lattice as a 
link running from site to site Uf. Thus for the site variables (r = 0) we 
want to have an Nk x A^A; matrix with only diagonal kxk blocks surviving; 
the link variables (r = 1) in Fig. [TT] should become sparse Nk x Nk matrices 
with nonzero blocks only appearing one row above the diagonal. 
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We can attain the desired result by defining a Zj^ symmetry which com- 
bines the r symmetry with a particular U{Nk) transformation: 



UJ 



\ 



UJ 



(125) 

where r is the particular r-charge for that field $, and each entry in Vt is 
proportional to a /c x A; unit matrix. We then define the orbifold projection 
operator P$ = X^ilp 7^*^ which annihilates any sub-block in the matrix 
$ which is not invariant (this follows from the fact that [uj + uj"^ + . . . + cj^] = 
0). Note that this projection does not commute with the full U{Nk) gauge 
symmetry of the mother theory and leaves intact only the U{k)^ subgroup 
which commutes with Q. The result of this projection is shown in Fig. 
and can be depicted as in FigJTTl a segment of which is shown below: 



(126) 



Note that evidently P also breaks the M = 2 supersymmetry, since it treats 
the different members of the gauge multiplet differently. It does, however, 
preserve an A/" = 1 supersymmetry, with Vn = (^^,n5 ^n^) being an A/" = 1 



vector supermultiplet, and = {ipn.'^n^) = {4>n,n+i, ^nii+i) forming an 
Af = 1 chiral matter multiplet. The vector multiplets Vn transform as adjoint 
under the gauge group factor Gn and chiral multiplets $„ transform as bi- 
fundamental (□, □) under Gn x G„,+i. Thus, in the quiver, the A/" = 1' is 
explicitly violated since the gauge rotation properties of used-to-be Af = I' 
multiplet no longer matches as shown below: 

(127) 



.(2) 




The action of a global supersymmetry transformation of an adjoint cannot 
produce a bi-fundamental. 
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r=0 r= I 

Figure 14: The result of the orbifold projection: For the fields Vm and A'^"'^^ with r = 0, 
only the diagonal k x k blocks survive, and these can be interpreted as site variables, 
transforming as adjoints under the unbroken U (k)-'^ gauge symmetry. The A*^^-' and 4> fields 
with r = 1 have only the superdiagonal blocks survive; these transform as bifundamentals 
under the U{k)^ gauge symmetry, and represent the hnk variables in Fig[Tl](with A^^^ = 



The punchline: by plugging the sparse matrices obtained after projection 
back into the M = 2 action, one recovers the full action of the AHCG model! 
(Also see fl23l.[l2^1 



It is straightforward now to generalize our orbifold projection prescription 
in order to construct true lattices, of varying dimensions. For example, to 
produce a o? = 2 lattice, we need to start with a mother theory with a U{N'^k) 
gauge symmetry, and project out a Zjy x symmetry. The idea is that 
we take the N'^k x N'^k matrices in the mother theory, divide them into N"^ 
NK X Nk blocks, and then subdivide those into A^^ k x k sub-blocks. The 
location of each k x k sub-block can then be specified by four integers; the 
interpretation is that this is a link variable going from one site on a 2D lattice 
(specified by two integers) to another (specified by another two integers); see 
Fig. [13 

We now have a method for generating supersymmetric lattice actions: 

i. Start with a mother theory which is an SYM with the same number of 
supercharges Q as the target theory in the continuum; 

ii. This mother theory should be formulated in zero dimensions (in other 
words: it is a matrix model, not a field theory), since we don't want any 
continuous dimensions, unlike the AHCG model which was formulated 
in ci = 4; 

iii. For a target theory with d continuous dimensions, make the gauge group 
of the mother theory U {N'^k) , identify the appropriate Zf^ symmetry 



67 



y 


1 


m 


3 




X 1 


2 


3 1 


2 


3 1 


2 


3 


























CS 






















m 






































ts| 


(N 
































































(N 






















m 





















Matrix-valued 
link variable 



from Cx,y)=(l,2) 



to (x,y)=(E,2) 



Figure 15: Representing a two-dimensional 3x3 lattice by a sparse 9x9 matrix: each 
sub-block can be identified as a site or link variable on the 2D lattice. 



that resides partly in the gauge group and partly in the i?-symmetry 
group of the mother theory, and project it out; 
iv. Travel out along the flat direction in the degenerate vacua as in eq. flll7p . 
in order to recover the continuum limit of the target theory. 

Oddly enough, this diabohcal recipe really works! And in fact, it has 
shown that all the different constructions of lattice SYM theories in the 
literature can be shown to be equivalent to ones obtained through orbifold 
projection j4o|. As with all pacts with the devil there is a price: item (i) and 
item (iii) above are not in general compatible, since a theory with a small 
number of supercharges will have a small /^-symmetry which will not contain 
a Zff subgroup for large d. Equivalently, since each dimension requires a 
projection which breaks half of the remaining supercharges of the mother 
theory (and since we want the lattice theory to possess at least one unbroken 
supercharge) we require Q > 2*^. Thus to go to higher dimension d, one needs 
to consider highly supersymmetric theories with large Q. For d = 4, the only 
supersymmetric lattice that can be constructed via this method must have 
Q > 16, leaving J\f = 4 SYM theory as the only possibility. 

7.4. Orbifold Lattice Theory for Af = (2,2) SYM 

We now briefly describe the construction of the four supercharge theory 
in two dimensions which was previously discussed from within the twisted 
approach. The action for this theory is easy to write down: start with the 
familiar A/" = 1 SYM theory in c? = 4 dimensions (a gauge theory with a 
massless Weyl adjoint fermion), and erase two of the space dimensions. The 
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gaugino becomes a 2-component Dirac fermion (since 7 matrices in 0? = 2 
arc just Pauli matrices, Dirac spinors have only two components). The four 
component gauge boson in = 4 becomes a two component gauge boson plus 
one complex scalar field s. The gluon and gaugino interactions in the d = 4 
action become 2D gauge interactions, plus Yukawa and interactions. The 
result is the action (in Euclidean spacetime) 

\ I \Dms\'^ + ^ iDm^rni^ + \VmnVmn + iV^(V'L[s, I^r] + ^Pr[s\ I^l]) + \[s\ 
92 \ 



where m, n = 1,2, ?/'_r, and z/'i are the right- and left-chiral components of a 
two-component Dirac field ip, = dm + iivm, ■ ] is the covariant derivative, 
and Vmn = —i[Dm,Dn] is the field strength. All fields are rank-/c matrices 
transforming as the adjoint representation of U{k). This is the target theory 
for which we want to construct a lattice. 

To construct a lattice for this target theory, we need to start with a matrix 
theory with a U{N'^k) gauge symmetry with Q = 4 supersymmetries. The 
way to obtain the Q = 4 matrix theory is simple: Start with the same J\f = 1 
SYM theory in d — A, which we know has Q — 4 supersymmetries... and then 
erase all spacetime coordinates from the action (and therefore, all deriva- 
tives). The result is a very simple action which will serve as our mother 
theory: 

-S" = VmnVmn + TV i/S -0]^ , (129) 

where m,n = 0,...,3, ip and ip are independent complex two-component 
spinors, Vm is the 4-vector of constant gauge potentials, and 

Vmn = i[Vm,Vn] , (J„ = {1, -io"} , CT^ = {1, io"} , (130) 

This mother theory is invariant under four independent supersymmetries, 
characterized by the transformations 

SVm = -# amli + iR ami^ , Sip = -iVmnC^mnl^ , Sip = iVmn ^mn , (131) 

where 
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where k and k are independent two-component Grassmann parameters. 

The i?-symmetry of the mother theory is 5'0(4) x [/(I) = SU{2) x SU{2) x 
U{1). This result is not very mysterious: the U{1) factor is just the U{1) R- 
symmetry associated with the d = 4 JV = 1 SYM theory we started with to 
derive the mother theory. The S'0(4) = SU{2) x SU{2) factor is nothing but 
what remains of the (Euchdean) Lorentz symmetry that remains even after 
all spacetime coordinates are removed from the d = A theory. Therefore 
Vm transforms as a 4- vector = (2,2) under this SU{2) x SU{2), while ijj 
transforms as a (2, 1) and ip as a (1,^1. 

The "daughter theory" we will derive from this mother theory by orb- 
ifolding will be a two-dimensional lattice with N"^ sites and a U (k) symmetry 
associated with each site (the conventional way to realize a U {k) gauge sym- 
metry on a lattice). To obtain this daughter theory we must identify the 
correct Zn x Zn symmetry to project out. The trick is to define two in- 
dependent analogues of the r-charge from the previous section — We will 
call them r = {ri,r2}. This vector r is interpreted as the directed link in 
the unit cell on which a given variable resides. For example, r = {0, 0}, 
r = {1, 0} and r = {1, 1} are interpreted as a site, an x-link, and a diagonal 
link respectively. As such, we need to define the Z^ x Z^ symmetry so that 
r components only take on the values 0, ±1. Furthermore, one can show 
that the number of unbroken supercharges on the lattice equals the number 
of fermions with r = {0,0} (e.g., living on the sites), and so we want to 
choose the Z^r x Zj^ symmetry to maximize this number. With a little work, 
it is possible to show that a suitable choice yields the charge assignments 



displayed in Table H] 3^ , where we have written the fermion components as 



^ = ) , ^ = (Ai A2) (133) 



This choice is unique up to uninteresting permutations. We can then use 
these r-charges to define a Z]^ x Zjv projection which creates the lattice 
shown in Fig. [161 Note that the placement of each degree of freedom in 
this figure is simply determined by the corresponding r charge appearing in 
Table H 

We won't give any of the details here, but it is not too difficult to construct 
the lattice action by substituting the orbifold projected matrices back into 
the action of the mother theory, eq. (I130p . One then follows the path of 
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-1 




A2 





1 



Table 4: Assignment of the x charges for the variables of the mother theory 
eq. (|129|) ; see [33] for details. 




Figure 16: The lattice structure and the unit cell for the target theory of eq. (|128p . (2, 2) 
SYM in two dimensions. The "d" variable is an auxiliary field you can ignore; it proves 
to be convenient when developing a superfield formulation for the lattice theory. 



deconstruction, expanding the boson fields as 

1 Si + ivi , 

and taking the continuum hmit a with g^a'^ = kept fixed. Amaz- 
ingly enough, one finds the target theory eq. (I128p in this limit, with the 
identification 

_ S1+1S2 ^ ^ I'Aij ^ ^ = (Ai A2) , = {vi V2) . (135) 



V2 ' " 

So what about the list of obstructions mentioned at the end of §4? How does 
this theory get around them? Well, for one thing, the conundrum of satisfying 
{Q, Q} = '-f.P when there is no P operator on the lattice is circumvented by 
the fact that we have a Q charge on our lattice, but no corresponding Q\ This 
follows because our construction leads to a single site fermion Ai (which has 
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r = {0, 0}) but no corresponding site variable Ai. This is one of the funny 
things about supersymmetry in Euchdcan spacetime: it is possible to have 
a theory respecting a single supercharge, which is impossible in Minkowski 
space. This feature is related to the strange property of fermions continued 
to Euchdean space, that t/j is not related to the hermitean conjugate of ■0, 
i.e, -0 7^ -0^70- 

Other questions raised in §4 remain to be answered: for example, the 
target theory has a chiral U{1) i?-symmetry which is exact up to anomalies; 
how does this symmetry arise in the lattice theory? Did we invent a new 
type of lattice chiral fermion? Also, we are claiming that the scalar s in the 
target theory is represented on the lattice by Si and S2 (the real parts of ^1^2) 
which are link variables; this means that even though si and S2 transform 
into each other non trivially under lattice rotations, they must be invariant 
under rotations in the continuum! Isn't this absurd, since the continuum 
rotations contain lattice rotations as a subgroup, and an object transforming 
non trivially under the latter must transform non trivially under the former? 

To understand what is going on, let us first focus on the quadratic part 
of the boson action, which looks like: 



1 



2^202 



Tr [(Si,n-x - Sl,n + S2,n-y " -S2,n) 



2^2 



EE 



2 / \ 2 



a / \ a a 

(136) 

When we take the continuum limit, we get 

\ I d^x iTr [{diSi + d2S2f + {d2Si - drS2f + {d2V^ - d^V2f] . (137) 

92 J 

Note that the first two terms make (si, S2) look like a vector (as you would 
expect from link variables!) rather than components of scalar: the first term 
looks like (V-s)^, while the second term looks like (V x s)2; neither term looks 
like the scalar kinetic term [{dmSif + (9^S2)^]...yet amazingly enough, when 
you add the two terms and integrate by parts, that is exactly what you get! 
Not only do we get the correct S0{2) Euclidean "Lorentz" invariance with Si 



72 



Figure 17: The fermions mapped onto a lattice with half the spacing can be recognized 
as reduced staggered fermions. 



being invariant, but we get an independent internal 5*0(2) symmetry where 
the Si rotate into each other while the derivatives dm remain unchanged. The 
latter 5*0(2) = U{1) is just the /^-symmetry's action on the scalar s\ 

If we turn to the quadratic part of the fermion action, we find something 
more familiar. If one takes our rather unconventional lattice, and superim- 
pose upon it a lattice with spacing a/2, the fermions can all be mapped onto 
sites of this finer lattice, as shown in Fig. [T71 Examining the lattice action 
for these fermions in the coordinates of this sublattice, one discovers that the 
ferm ions are none other than "reduced staggered fermions" as discussed in 



125| . Again, you might wonder how a collection of fermions scattered over 
different parts of the lattice could reassemble themselves into a continuum 
spinor; it seems as mysterious as how our link bosons became a complex 
scalar. Understanding these features goes a long way toward explaining how 
the obstacles facing lattice supersymmetry have been circumvented by this 
orbifold projection technique. 

7.5. Fine tuning 

We will finish up this section with a brief discussion about quantum 
corrections in our lattice theory for (2, 2) SYM. Recall that the goal of a 
super symmetric lattice action was to prevent unwanted relevant or marginal 
operators from being radiatively generated which could spoil supersymmetry 
in the the continuum limit. The single exact lattice supercharge is enough to 
protect the lattice theory from unwanted radiatively induced operators which 
could spoil the supersymmetric continuum limit of the lattice theory, just as 
we hoped. To show this we can construct the Symanzik action for the theory: 
we expand the z variables about the flat direction {z) = l^/ay^, expand the 
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action for smooth fields in powers of 1/a, include all operators allowed by 
the exact symmetries of the lattice, and then consider radiative corrections 
to the coefficients of these operators, paying special attention to relevant 
and marginal operators which violate the full Q = 4 supersymmetry of the 
target theory, and whose coefficients by definition do not vanish in the a — > 
limit. The key is to identify all the operators allowed by the exact lattice 
symmetries, which include the single supersymmetry. This is most easily 
done by constructing superfields: we introduce a Grassmann coordinate 9, 
which has mass dimension 1/2 (where spacetime coordinates x have mass 
dimension —1), and define the exact lattice supercharge to be Q = Oq. With 
this definition of Q, and knowing the action of Q on the lattice variables, 
it is possible to construct superfields as is done in the more familiar d = 4, 
J\f = 1 supersymmetry [l|. One finds the following superfields on the unit 
cell at site n: 

Zi{n) = Zi{n) + V2eXi{n) , 
Z2{n) = Z2{n) + V2eX2{n) , 

S(n) = A2(n) + 2[zi(n + y)z2(n) - ^2(n + x)^i(n)]^ , 
A(n) = Ai(n) - [^i(n - x)2;i(n - x) - 2;i(n)^i(n) 

+^2(n - y)^2(n - y) - Z2{n)z2{n) + id{n)] 6 (138) 

Since Q = de, the most general supersymmetric action can be written as 

\ f d9 f d^x J2CoOix,e) (139) 

where the O are local Grassmann operators. This expression is obviously 
annihilated by Q since it doesn't depend on 9. Since the action has to be 
dimensionless, if O has mass dimension p, it is easy to check that the operator 
coefficient Co must have dimension (7/2 — p). Now, since the action has a 
1/ gl out front (where g2 has mass dimension 1), radiative corrections to Co 
at ^ loops will be of the form 

5Co~Qa(^-^/2)(^72V)^ (140) 

where the q are dimensionless coefficients and can only depend on a logarith- 
mically. Since we only care about operator coefficients which do not vanish as 
a 0, we need only consider operators and loops satisfying p < (7/2 — 2€). 
At £ = (tree level) we claim our lattice action gives the correct target theory 
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in the continuum limit. At ^ = 1 we need to consider p < 3/2; it turns out 
we cannot construct operators with p < 1/2 so that's it! It is then a quick 
job to convince oneself that there are no bad operators O with p = 3/2 which 
one can construct. Therefore, we can prove that the supersymmetric lattice 
does what it was supposed to do: it allows one to realize the supersymmetric 
target theory without fine-tuning. The exact supersymmetry of the lattice 
was crucial for this to be possible. For example, in a non-supersymmetric lat- 
tice formulation, scalar mass terms are permitted and needs to be fine-tuned, 
which is forbidden in a lattice theory with exact supersymmetry. We refer 



interested readers to ref. [32j for details of the argument. The analysis for this 
theory was simplified by the fact that it is "super-renormalizable" , namely 
that each loop correction introduced positive powers of a. In §8.4[ we briefly 
discuss renormalization of a (i = 4 theory, in which divergent contributions 
may arise at arbitrary loop order. 

7. 6. Other supersymmetric lattices 

So what are the supersymmetric lattices we have constructed to date? 
SYM theories exist in c? > 2 with Q = 2,4,8,16. Since each dimension 
requires projecting out a factor, and each projection costs one half of 
the remaining supersymmetries of the mother theory, and we want at least 
one unbroken supercharge on the lattice, we can only consider SYM theories 
with Q > 2'^. That constrains us to 



Q = 4: 


d = 


2 


Q = 8 : 


d = 


2,3 


Q= 16 : 


d = 


2,3,4, 



(141) 

and all of these lattice have been constructed. As we have discussed the 
Q = 16 theories are especially interesting and have especially symmetric 
lattices, shown in Fig. [181 

The d = 1 lattices for Q = 16 SYM give an alternative to the naive lattice 
actions we introduced before for simulating Q = 16 quantum mechanics. 
In addition to pure SYM theories, a lattice for (2, 2) SYM has also been 



constructed with certain classes of matter fields |35|, which we discuss next. 



7. 7. Addition of matter to (2, 2) theories 

The supersymmetric lattice construction of the last section can be gener- 



alized to include charged matter fields interacting via a superpotential [35 
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Figure 18: The lattices for Q = 16 supersymmetry in d — 2 and d = 3 dimensions [s^. In 
d = 4 the lattice for A/" = 4 SYM has the A| lattice structure. 



In 126l | Giedt extended this construction to (4, 4) theories with matter. Such 
theories are lower dimensional counterparts of super QCD in d = 4 dimen- 
sions. More recently orbifold/twisted const ructions h ave been obtained with 



matter in the fundamental representation [1271 . Il28| . These are very inter- 
esting as they open up the possibility of defining phenomenologically more 
realistic models with exact supersymmetry. 



8. A/" = 4 SYM in four dimensions 

In this section we discuss perhaps one of the most interesting applications 
of these ideas - the construction of a lattice model invariant under a single 
exact supersymmetry whose naive continuum limit is A/" = 4 SYM theory 
in four dimensions. This gauge theory is thought to be dual to type IIB 
string theory in AdS^ x space. In the large 't Hooft coupling limit, it 
is conjectured to be describe the supergravity limit of that string theory. 
The lattice theory constitutes the only known example of a supersymmetric 
lattice model in four dimension^. We first summarize the construction of 
the supersymmetric orbifold action for this model, then go on to re-derive it 
by discretization of an appropriate twist of the continuum theory. 



""^^Recently a paper has appeared which shows how a non-supersymmetric formulation 
of = 4 SYM can be constructed with domain wall fermions which has significantly 
reduced fi ne-tu ning com pare d to what one might expect, and which may be numerically 
tractable 'l29j ; see also [iSOj . A alternative regularization for A/" = 4 SYM in the planar 
limit was given in (ssj 
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8.1. Orhifold action 

The strategy to obtain the supersymmetric lattice action for the = 4 
target theory is four- dimensional generalization of the one given for M = 
(2, 2) model in two dimensions. As discussed in §7.2[ to build the M = (2, 2) 
model we orbifolded the Q = 4 mother matrix theory. This mother theory 
possesses an 5*0(4) x f/(l) R-symmetry group with a maximal abelian U{1)^ 
subgroup which allowed us to build a lattice theory in two dimensions. 

To obtain the target J\f = 4 target theory in four dimensions, we start 
with Q = 16 matrix model. The matrix model may be obtained by di- 
mensionally reducing the d = 10 dimensional A/" = 1 SYM theory down to 
d = dimensions. The reduced model possesses 5*0(10) _R-symmetry inher- 
ited from the Lorentz symmetry of the d = 10 dimensional theory prior to 
reduction. The field content of the mother theory is ten bosonic and sixteen 
Grassmann odd fermionic matrices transforming as 10 and 16 representation 
of the _R-symmetry, and in the adjoint representation of the gauge group. 

To proceed, it is more convenient to decompose the variables of the mother 
theory under the 5f/(5) x f/(l) subgroup of 50(10). 

bosons : 10 ^ 5 © 5 = 2:™ © 

fermions :16^1©5©T0 = A©V^™© ^mn- (142) 

Written in terms of this 5f/(5) x f/(l) decomposition, the action of the type 
IIB matrix theory becomes 

^ = ^Tr [J2 [Zm, z"^] [z^, z^] + [z^, Z-] [z^, Z^]] 

^ m,n ^ ^ 

Below, we employ the U{lY abelian subgroup of the i?-symmetry group to 
generate the four dimensional lattice with one exact supersymmetry. As 
usual, the starting point is the mother theory with U{N'^k) gauge group 
with d = 4. An orbifold projection by (Zn)^ symmetry generates the four 
dimensional lattice. The ten bosonic and sixteen fermionic lattice fields, 
their charges under U{1)^ and their associated r-charges (which determines 
the position and orientation of each lattice field on the unit cell) are given 
in Table [51 In Table O we also define five ^tm vectors which will be used 
to specify the r-charges directly in terms of SU{5) tensor indices. For the 
further details of this procedure, we refer to [sl] for details. 
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62 


1 


-1 


-1 


1 


1 


1 




{-1,-1,0,0} 




-Ml 


- M2 


63 


1 


-1 


1 


-1 


1 


1 




{-1,0,-1,0} 




-Ml 


- M3 


64 


1 


-1 


1 


1 


-1 


1 




{-1,0,0,-1} 




-Ml 


- M4 


^23 


1 


1 


-1 


-1 


1 


1 




{0,-1,-1,0} 




-M2 


-M3 


C24 


1 


1 


-1 


1 


-1 


1 




{0,-1,0,-1} 




-M2 


- M4 


C34 


1 


1 


1 


-1 


-1 


1 




{0,0,-L-l} 




M3 


Ml 


65 


1 


-1 


1 


1 


1 


-1 




{0,1,1,1} 




-Ml 


- M5 


C25 


1 


1 


-1 


1 


1 


-1 




{1,0,1,1} 




-M2 


- M5 


^35 


1 


1 


1 


-1 


1 


-1 




{1,1,0,1} 




-M3 


- M5 


^45 


1 


1 


1 


1 


-1 


-1 




{1,1,1,0} 




-M4 


- Ms 



Table 5: The Qo, <Zm and = {q^ — (75) charges of the bosonic variables v and fermionic 
variables lo of the Q = 16 mother theory under the S'O(IO) D SU{5) decomposition 
u = 10 ^ 5 © 5 = 2:"* © 2m, and w = 16 ^ 1 © 5 © To = A © V™ © ^mn- 
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The action of the lattice gauge theory that results from the orbifold pro- 
jection may be written in component form as 3J 



I (Xl (^^(^ ~ Hm)z"'{n - ^i^) - z™(n)2;„(n)) j 

m=l 

5 I 2 

+ |2'"(n);2"(n + /x™)-^"(n)^"^(n + ^„) 

m,n=l 

(144) 

We have introduced the labeling convention that 2;™(n), ip'^ip) and Zm{p) 
live on the same link, running between site n and site (n + /x^); similarly 
^mn(n) lives on the link between sites n and (n + /x^ + Mn), while A(n) 
resides at the site n. The site vector n, a four-vector with integer-valued 
components, should be distinguished from SU{5) indices n. 

We have introduced the triangular plaquette function An defined as: 

An(A, z^, ip"^) = - A(n) (lm{n - ^^)V'™(n - ^^m) - ^/'™(n)S„(n) j , 

An(^mn; ^pj ^gf") ^mn(n) l-^p)^qr(j^ ~l~ Mm ~l~ A''7i) 

(145) 

Note that A corresponds to the signed sum of two terms, each of which is 
a string of three variables along a closed and oriented path on the lattice, 
with the sign determined by the orientation of the path. As discussed in 
§ [21 there is a U{k) gauge symmetry associated with each site, with A(n) 
transforming as an adjoint, while the oriented link variables transform as 
bifundamentals under the two U{k) groups associated with the originating 
and destination sites of the link. A string of variables along any closed path 
on the lattice, such as we see in the definition of A, is gauge invariant. In 
the continuum limit, the A terms will form the gaugino hopping terms and 
Yukawa couplings of the Q = 16 SYM theory. 

It is now simple to write down the action for the lattice theory that 
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results from the orbifold projection, in a form which is manifestly Q = 1 
sup er symmet ric . 

After orbifold projection, there are superfields associated with each lattice 
site n, where n is a four component vector of integers, each component 
ranging from 1 to A^: 



Z'"(n) 
^ A(n) 



z™(n) + V29ij' 
A(n) - eid{n) 
^mn(n) -2e[zr, 



n 



+ /x„)z„(n) - Zn{n + 



(n)] (146) 



In addition there is the singlet field Im,(n). In the above expressions, sub- 
scripts and superscripts m,n = 1, ... ,5 and repeated indices are summed 
over. Note that the superfields are not entirely local, and that in the contin- 
uum they will depend on derivatives of fields as well as the fields themselves. 

The lattice action we obtained may be written in manifestly Q = 1 su- 
persymmetric form as 



^ n 



de 



-iA(n)90A(n) - A(n) z^{n - ^„,)Z"(n - fi^) 



1„ 



n 



Z™(n)Z"(n + fim) - Z"(n)Z'"(n + 



(147) 



The auxiliary field d{n) has no hopping term, and after eliminating it by the 
equations of motion on can show that the above action in terms of superfields 
is equivalent to the lattice action given in component form in eq. fll44p . For- 
mulating the action in this supersymmetric facilitates the analysis of allowed 
operators and the continuum limit of the lattice theory. 

The lattice defined by the orbifold projection cannot be directly consid- 
ered to be a spacetime lattice, as all terms in the lattice action are trilinear 
and conventional hopping terms are absent. To generate a spacetime lattice 
and take the continuum limit one must follow the example of deconstruction 



38l | and follow a particular trajectory out to infinity in the moduli space of 



the theory, interpreting the distance from the origin of moduli space as the 
inverse lattice spacing. 

As can be seen in eq. ( 11441) . the moduli space in the present theory cor- 
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responds to all values for the bosonic z variables such that 



= 5^ Tr 1 (2„(n - M„0^™(n - Mm) - ^"(n)z^(n))^ 

(148) 

+ ^1 ;^"^(n)z"(n + ^m) - ^"(n)z"^(n + ^n) 

rra,n 

8.1.1. A hypercubic lattice 

There are clearly a large class of solutions to these equations. One possi- 
bility is 

z"^{n) = z^{n) = ^-=lk, m = l,...,4, 

z5(n) = S5(n) = 0, (149) 

where a is the length scale associated with the lattice spacing, interpreted 
as the physical length (up to a factor of 4/5) of the links on which Zm and 
variables reside, for m = 1, ... ,4. Such a lattice can be interpreted as 
a hypercubic lattice of length a on an edge, since the r charges for these 
variables correspond to Cartesian unit vectors, as seen in Table [5l In this 
case, the physical location of site n is simply the four-vector R = an. Various 
fields of the SU{5) multiplets distribute to the hypercubic lattice as follows: 

A ^ A, - cell 

^ (V;^ ^p') = le'^'""'i^,,pa), (0 - cell, 4 - cell) 

^ {^,u, e^s) = y^upaCn, (2 " ccll, 3 - Cell) (150) 

In other words, the fermions are totally anti-symmetric p-cell variables, which 
one would naturally associate with the p-form representation of 5*0(4) of the 
continuum. Thus the fermionic content of the hypercubic lattice construction 
provides an explicit realization of Dirac-Kahler fermions. The distributions 
of bosons such as z"^ {z^, z^) = {z^, z^) = (z^, ■^^^"^'^ z^^p^) as well as their 
orientations are dictated by the fermions because of exact supersymmetry. 
The symmetry of the hypercubic lattice action is 5*4, much smaller than the 
hypercubic group, since the fields are oriented. 

8.1.2. The A\ lattice and point group symmetry 

Instead of the above trajectory, we can examine the most symmetric 
solution, in the hopes that the greater the symmetry of the spacetime lattice. 
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classes: 




[11) 


(12dj 






(12j(34j 


(12j(345j 


sizes: 


1 


10 


20 


30 


24 


15 


20 


Xi 


1 


1 


1 


1 


1 


1 


1 


X2 


1 


-1 


1 


-1 


1 


1 


-1 


X3 


4 


2 


1 





-1 





-1 


X4 


4 


-2 


1 





-1 





1 


X5 


5 


-1 


-1 


1 





1 


-1 


x& 


5 


1 


-1 


-1 





1 


1 


Xi 


6 











1 


-2 






Table 6: The character table of S5, the point symmetry group of A\ lattice. The even 
permutations are spacetime rotations, the odd permutations involves parity operations 
and hence improper rotations. 



the fewer relevant or marginal operators will exist. A solution which treats all 
five z"^ symmetrically (and thus preserves an S5 permutation symmetry) is to 
have the five links on which they reside correspond to the vectors connecting 
the center of a 4-simplex to its corners. The lattice generated by such vectors 
is known to mathematicians as We thus expand about the symmetric 

point: 

z™(n) =s„(n) = ^U, m = l,...,5. (151) 

Once again a is interpreted as the spacetime length of the link that each z"^ 
resides upon. 

The physical point group symmetry of the lattice is isomorphic to permu- 
tation group 5*5, the Weyl group of SU (5), corresponding to the permutations 
of the group indices of SU{5). The character table and conjugacy classes of 
5*5 are given in Table [61 The group has 5! = 120 elements and seven conjugacy 
classes shown in Table |6l The symmetry of the lattice action is composed of 
the elements of 5*5. It is easy to show that even permutations with deter- 
minant one (which can be read off from the X2(or sign) representation) are 
pure rotational symmetries of the action. We see from Table [6] that the odd 
permutations have determinant minus one, and are not proper rotations. In 



^^The A4 lattice is generated by the simple roots of SU{5) = A4; then is the dual 
lattice, generated by the fundamental weights of SU{5), or equivalently, by the weights of 
the defining representation of SU{5). Lower dimension analogues are A2, the triangular 
lattice, and A^, the body-centered cubic lattice. 
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fact, the odd permutations accompanied by 

A A, (V''", z^, -z^) ^ -(^™, Z^, Z^), Un ^ Un (152) 

generate additional symmetries of the action. Notice that the symmetry of 
the action is not the full symmetry of the A\ lattice, as reflection symmetries 
which exchange z^ and Zm are not symmetries of the action. 

The point group symmetry combined with gauge invariance of the lattice 
action and exact supersymmetry is very powerful in constraining the possible 
fine tuning required in the continuum limit. Representation theory of is 
also useful in identifying the precise relation between the Marcus's twist and 
A\ lattice formulation of A/" = 4 SYM. In particular, we will show that the 5*5 
symmetry of the A\ lattice lives in the twisted Lorentz group, the diagonal 
sum of the i?-symmetry and Lorentz symmetry of the original theory as 
shown in Figj2l 

To relate the lattice site n with a physical location in spacetime, we 
introduce a specific basis, in the form of five, four- dimensional lattice vectors 

,11 1 1 , 

ei = 

62 = 



V2' Ve' v^' V20 
1111 



21 1 , 

63 = 0, 



9. 1 

64 = (0,0, 



\/l2' V20 

es = (0,0,0, 1=). (153) 



These vectors satisfy the relations 

5 



^ ^ , Gyti ' 6n f ^mn ^ ) i ^ ^ (6m)/j(6m)i^ ^^iv • (154) 

m=l ^ ^ m=l 



The lattice vectors eq. (11531) are simply related to the S'f/(5) weights of the 
5 representatio n, an d the 5x5 matrix ■ e„ can be recognized as the Gram 



matrix for A\ |l3ll ]. The site n on our lattice is then defined to be at the 



spacetime location 

4 4 

R = a^(Mv n) e^, = nj^Gj, , (155) 



v=l u=l 
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where a is the lattice spacing introduced in eq. fllSip . and the vectors /x,^ 
(which have integer components) were defined in Table O By making use of 
the fact that = 0, it is easy to show that a small lattice displacement 

of the form dn = Hm corresponds to a spacetime translation by (ae^): 

4 4 

dR = a ^(M;/ • dn) = a ^(M;/ • Mm) = aSm . (156) 

u=l u=l 

Thus from the last column in Table [5] one can read off the physical location 
of each of the variables. For example, at the site n = 0, 2:^(0) lies on the link 
directed from R = to R = aei, while ^^45(0) li^s on the link directed from 
the site R = a (64 + 65) to the site R = 0. From the relation eq. 01561) we 
see that each of the five links occupied by the five z"^ variables has length 

\aem\ = unlike the case of the hypercubic lattice mentioned above, 

where resided on a link twice as long as the links occupied by the other 
four variables. 

8.2. Twisted construction 

8.2.1. Continuum theory - Marcus twist 

There are three inequivalent twists of the Af = 4 SYM theory in four di- 



mensions 



1321 . |79[ |. Two of those do not emerge from the lattice construction 
due to reasons to be explained later. The one we will consider and which cor- 
responds to the orbifold lattice construction is due to Marcus. In addition to 



its application in lattice supersymmetry |4ll. l39l| . it also plays an important 
role in the geometric Langlands program [l33|. Here, we briefiy outline this 
twist. 

The A/" = 4 SYM theory in c? = 4 dimensions possesses a global Euclidean 
Lorentz symmetry 5*0(4) e ~ SU (2) x SU (2) and a global i?-symmetry group 
S0{6) ~ SU{4:). The /^-symmetry contains a subgroup S0{4:)r x f/(l). 
To construct the twisted theory, we take the diagonal sum of S0{4:)e x 
S0{4)fi and declare it the new rotation group. Since the U{1) part of the 
symmetry group is undisturbed, it remains as a global /^-symmetry of the 
twisted theory. Under the global G = {SU{2) x 5f/(2))^ x {SU{2) x 5C/(2))^ 
symmetry, the fermions transform as (2, 1, 2, 1) © (2, 1, 1, 2) © (1, 2, 1, 2) © 
(1,2,2,1). The same fields, under G' = SU{2)' x 5f/(2)' x U{1) (or under 
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^0(4)' X f/(l)) transform aS 



fermions ^ (1, 1) i © (2, 2)_i © [(3, 1) © (1, 3)] i © (2, 2),i © (1, 1) i 

-> li ©4_i ©6i ©4_i © li . (157) 

2 2 2 2 2 

Tlie magic of this particular embedding is clear. There are now two spin zero 
fermions, while the remaining fermions are now in integer spin representations 
of the twisted Lorentz symmetry S0{4)'. They transform as scalars, vectors, 
and higher rank p-form tensors. We parameterize these Grassmann valued 
tensors, accordingly, {X,'ip'',^^^,^'"'P,iljf,^p„). 

The gauge boson which transforms as (2,2, 1, 1) under the group G 
becomes (2, 2) under G'. Similarly, four of the scalars 5*^ which originally 
transformed as (1, 1, 2, 2) are now elevated to the same footing as the gauge 
boson and transform as (2, 2) under the twisted rotation group. The resulting 
theory is most compactly described using a complex vector field 

z^ = {S^' + zV^)/V2, z^ = {S^-tV^)/V2 /x = l,...,4 (158) 

Since there are two types of vector fields, there are indeed two types of 
complexified gauge covariant derivative appearing in the formulation. These 
are holomorphic and antiholomorphic in character 

V^. = d^- +v^[^^ ■ ], V^- = -d^- +V2[z^, ■ ] , (159) 

In fact only three combinations of the covariant derivatives (similar to the 
F-term and D-term in A/" = 1 gauge theories) appear in the formulation. 
These are 

{-id) = '^[V^,V^] + ■■■ = -D^S^ + ■■■ (160) 

where D^- = 9^ ■ ■] is the usual covariant derivative and Ffj_y = 

—i[D^,Dy] is the nonabelian field strength. The field strength jF^'^(x) is 



^^Twice of the U{1) charge is usuaUy called the ghost number in the topological coun- 
terpart of this theory. 

^^The indices p,a . . . are 5*0(4)' or 4-dimensional hypercubic indices and summed 
over 1, . . .4. The indices m,n, . . . are indices for permutation group S5 (for lattices) 
and are summed over 1, . . . , 5. 
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holomorphic; depending only on the complexified vector field z'^ and not 
on z^. Likewise, J-'^^, is anti-holomorphic. The {—id) will come out of the 
solutions of equations of motion for auxiliary field d and ellipses stand for 
possible scalar contributions. These combinations arise naturally from all of 
the orbifold lattice constructions in any dimensions and is one of the reasons 
for considering this class of twist (we saw this already in our discussion of 
the self-dual twist of the (2, 2) YM theory in two dimensions). 

Finally, the two other scalars remains as scalars under the twisted rotation 
group. Since one of the scalars is the superpartner (as will be seen below) 
of the four form fermion, we label them as {z^upcr,^'^'''"^). To summarize, the 
bosons transform under G' as 

bosons ^ z^,p^ ®z''®z^® z^'^'P'' ^ [(1, l)i © (2, 2)o + (2, 2)o + (1, l)-i]161) 

As can be seen easily from the decomposition of the fermions, there are two 
Lorentz singlet supercharges (1, 1) under the twisted Lorentz group and ei- 
ther of these (or their linear combinations) can be used to write down the 
Lagrangian of the four dimensional theory in "topological" form. Below, we 
use the scalar supercharge associated with A. This produces the transforma- 



tions given by 79 



The continuum off-shell supersymmetry transformations are given by 

Q\ = -id, Qd = 
Qz" = V2 ^pf", Q^" = 
Qz^ = 

Q^fiiy pu 

QC"" = y^V^z^"""^ 

Q^f^upa ^ g ^^g2) 

where d is an auxiliary field introduced for the off-shell completion of the 
supersymmetry algebra. Clearly, the scalar supercharge is nilpotent 

Q2 • = 0. (163) 

owing to the anti-holomorphy of J-'^i, etc. The fact that the subalgebra 
(Q^ = 0) does not produce any spacetime translations makes it possible to 
carry it easily onto the lattice. This exact nilpotent property, in contrast to 
nilpotency only up to gauge transformation, has a technical advantage - it 
admits a superfield formulation of the target supersymmetric field theory. 
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The twisted Lagrangian may be written as a sum of Q-exact and Q-closed 
terms: 

9^^^ = ^exact + ^closed = -^1 + + -^3 = Q^exact + ^closed, (164) 

where g is couphng constant and Cexact = '^e,! + '^e,2 is given by 

Ce,i = Tr (^A(|zd+ + ±[z^'-P-,z^,p^])') 

Ce,2 = Tr (l^M.^'^" + TiT^r^'^^^^w) (165) 

and Cdosed is given by 

Cdosed = A = Tr i^M.^p^'^'' + f iA^^"'"^ (166) 

By using the transformation properties of fields and the equation of motion 
of the auxihary field d 

{-^d) = \[V,, V^] + l^iz'^'^P'^, z,,p^] , (167) 

we obtain the Lagrangian expressed in terms of propagating degrees of free- 
dom:0 

£1 = Tr (^l{l[V^,V^^] + ±[z'^'^P-,z,,p^])' + \{V^r + ^[^'^""^ W])) 

£3 = Tr [\i,jD,r'' + ^ e^.l^''^^^ U]) . (168) 

The Q-invariance of the Cexact is obvious and follows from supersymmetry 
algebra = 0. To show the invariance of Q-closed term requires the use of 
the Bianchi (or Jacobi identity for covariant derivatives) identity 

e'-'^-'^V^J,^ = e^^^'^iV^, [V,, V^]] = (169) 

and a similar identity involving scalars. The action is expressed in terms of 
the twisted Lorentz multiplets, and the 5*0(4)' x U{1) symmetry is manifest. 



^"Notice that the sphtting of the exact terms in Lagrangian into Ci and £2 is not iden- 
tical to the one used by Marcus. The reason for the above sphtting hes in the symmetries 
of the cut-off theory {A'^ lattice theory) that will be discussed later. 
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The Lagrangian eq. fll68p arises in the classical continuum limit of the hyper- 
cubic lattice and the lattice action. In the former, a lattice p-cell field is 
identified with a continuum p-form under twisted SO {4)'. In the latter case, 
the matching of the fields can be deduced by the representation theory of S5 
as we will see. 

Up to trivial rescalings this is the action (with gauge parameter a = 1) of 



twisted A/" = 4 Yang-Mills in four dimensions written down by Marcus 79 
This twisted action is well known to be fully equivalent to the usual form of 
A/" = 4 in fiat space. 

8.2.2. A shortcut derivation of the Marcus twist 

There is a slick way to obtain the twisted theory described in the pre- 
vious section. The idea is to amalgamate the four complexified gauge fields 
eq. (llSSp and the extra scalar into a single five-component "gauge connec- 
tion". 

= , z = — — — i> z , m = 1, . . . 5 (1 ' 0) 



V2 ' V2 

The theory may then be realized as a five dimensional Q = 16 theory dimen- 
sionally reduced to d = A dimensions. In five dimensions, z^ = ^'^^^^ and 
we may identify Sq with V5 upon dimensional reduction. Paralleling the four 
supercharge theory we introduce an additional auxiliary bosonic scalar field 
d and a set of five dimensional antisymmetric tensor fields to represent the 
fermions = (A, tp"^, ^mn)- This latter field content corresponds to consider- 
ing just one of the two Dirac-Kahler fields used to represent the 32 fields of 
the five dimensional theory. Again, a nilpotent symmetry relates these fields 



Qz"" 


= V2^ 




= 


Q 


= 


Q ^mn 


= —iJ^ 


QX 


= id 


Qd 


= 



(171) 

and remarkably we may extract the Marcus theory from the same Q-exact 
action that was employed in § 16.31 for (2,2) Yang-Mills in two dimensions 
S = l3QA with 

A = y"Tr (^A(izd+ i[R„,P™]) + ie,nn^"^") (172) 
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where we have again employed complexified covariant derivatives. Carrying 
out the Q-variation and subsequently integrating out the auxiliary field as 
for the Q = 4 theory leads to the action 



^exact = / Tr (i^^„^"^" + P™])^ + AP^^"^ + UnV"'r) (173) 



Actually in this theory there is another fermionic term one can write down 
which is also invariant under this supersymmetry: 



The invariance of this term is just a result of the Bianchi identity emnpqrDp^qr = 
0. The final action we will employ is the sum of the Q-exact piece and this 
Q-closed term and reproduces, after dimensional reduction, the four dimen- 
sional Q-closed term we have already discussed. The coefficient in front of 
this term is determined by the requirement that the theory reproduce the 
Marcus twist of A/" = 4 Yang-Mills. 



Splitting J^™" J^^^ © [Vm, P™] ^ [P^, D^] © [^5, z^] and using 



eq. (11601) and eq. fllSOp gives the J\f = 4 SYM action in the twisted form 
shown in eq. (11681) . 

8.2.3. Lattice theory 

The discretization scheme that is employed is precisely the same as the 
A/" = (2, 2) target theory in = 2 dimensions as described in § J6.4[ Specifi- 
cally the continuum gauge field is exponentiated into a non-unitary link field 
with 



closed 



mnpqr -r-^ p 



(174) 



1 



ga{5'p,n+«V^,n) ^5 



1 



,a-(5'5,n+«S6,n) 



(175) 



V2a 



V2a 
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as described in the continuum in eq. The Q-supersymmetry is 

essentially the same as in the continuum and remains nilpotent 



QUm = Q 




where the lattice field strength jF^j, is given by eq. flllOp as before. 

As for the (2, 2) twisted SYM model the twisted fermions are to be placed 
on p-cells in the lattice. However, there is one remaining wrinkle in this 
mapping; for each p-cell (with 1 < p < 4) field associated with hypercubic 
lattice, we may have two possible orientations. This orientation is physical 
and determines the gauge rotation properties of the fields. We need to give 
a prescription to go from Marcus's twist to the lattice. As we will see, exact 
super symmetry also plays an important role here. 

For the moment let us base our discretization scheme around a hyper- 
cubic lattice. Then the gauge links W^(x) = U"^,m = 1...4 should live 
on elementary coordinate directions in the unit hypercube, running from 
X ^ X + /It. We will adopt the notation that these four basis vectors are 
labeled fia, a = 1 ... 4. This assignment then implies that the superpartners 
of the gauge links ip'^lx.) should also live on the same links and be oriented 
identically. Evidently, Um{'^) is oriented oppositely, running from x + ^t ^ x. 
By eq.( IllOl) . the complexified field strength runs from x — x + ^ + 1/, hence 



have a feeling that, in this way, we are essentially re-constructing Table \5\ 
and indeed, this is true. 

However, a priori, the assignment of is not immediately obvious - a 
naive assignment to a site field would result in two fermionic 0-forms which is 
not what is expected for a four dimensional Dirac-Kahler field. Dirac-Kahler 



^^The definition of cq. ()175|) is rescaled relative to tlie discussion in §. 16.41 by a factor 
of V2. With this modification, the small field expansion of non-unitary link field is = 
_l_ Sf^_„+^,i,r, ^ same as the one used in deconstruction/orbifold approach as in §.[7] 

and eq. pT5)) . 




supersymmetry ^^j, runs oppositely. The reader may 
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decomposition demands a 4-form, associated with the chiral matrix of the 
four dimensional theory = 75 = 71727374- This motivates assigning the 
lattice field to the body diagonal of the unit hypercube, a 4-cell. The ability 
to construct gauge invariant expressions involving the 4-cell fields (such as 
the last term in £3 in eq. (11681) ) demands that tp^ and fields to be oriented 
along the vector /X5 = (— 1, — 1, — 1, — 1). Notice that this assignment also 
ensures that Yl^m=i ~ ^ which will be seen to be crucial for constructing 
gauge invariant quantities. 

To summarize the p-cell and orientation assignments of lattice fields, we 
write down their lattice gauge transformations: 

G'(x)A(x)G'Hx) 
G(x)^'"(x)G't(x + /x„) 

^(X + Aim + ^n)imn{^)G\^) 

G(x)W'"(x)Gt(x + ^^) 
G'(x + MjZ7„(x)G't(x) 

(177) 

Notice also that these link choices and orientations match exactly the r- 
charge assignments of the orbifold action for the sixteen supercharge theory 
in four dimensions given in Table [51 As for two dimensions, successive com- 
ponents of the resultant fermionic Dirac-Kahler field alternate in orientation 
which will be the key to writing down gauge invariant fermion kinetic terms. 
Switching back to the four component anti-symmetric index notation, the 
set of four Majorana fermions required for A/" = 4 YM are now compactly 
expressed in matrix form 

(^Maj)^^ = (Al + + i.ul^'"^ + e^'li.up] + %up.l^''''''^)rj , T, J = 1, . . . , 4 

(178) 

where upper index means oriented along the unit vectors and lower index 
means oppositely oriented. Thus, 1 and 3- form fermions {■ip^^\ip^^^) are posi- 
tively oriented and 0, 2 and 4- forms {tp^^\ tp^'^\^^^\ ) are negatively oriented 
This property is crucial (for any supersymmetric (orbifold) lattice in any di- 
mension) both for gauge invariance and an absence of fermion doubling in 
any supersymmetric (orbifold) lattice theory. 

Using the prescription of §6.41 and eq. (11071) and eq. (1 11 01) produces pre- 
cisely the supersymmetric lattice action for the Af = 4 SYM target theory 



A(x) 

V^"^(x) 

^mn (x) 

W"^(x) 
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given in eq. (11441) . modulo the replacement z"^{n) W™(n). The Q-exact 
part becomes S'exact = QA where 

A = 5^ Tr [-lUnJ'L - + IXitd)) (179) 

X 

which after Q-variation and elimination of the auxiliary d yields 

X ^ ' 

(180) 

where the lattice field strength is given by the same expression as in §6.41 
The third triangular fermion plaquette term arising in the orbifold action is 
now seen to be a discretized version of the Q-closed term 

5'closed ^ ^ ^ Tr (^mnpqr^qrip^ ~l~ Mm ~(" ^^n "t" f^p)'^p ^mn{^ ~l~ Mp) (1^-^) 

X 

where 

Vp ^^m„(x) = ^„„(x)Wp(x-^ip) -Wp(x + ^t„ + p„-^tp)^^„(x-/Xp) (182) 

Notice that the e-tensor forces all indices to be distinct and the gauge in- 
variance of this result follows from the fact that X!]m=i A^m — 

0. In the 

continuum the invariance of this term under Q-transformations requires use 
of the Bianchi identity . Re markably, the lattice difference operator satisfies 



a similar identity (see 114l | for the four dimensional result) 



e 



mnpqrDp ^ J' — (183) 

Furthermore, since the bosonic and fermionic link fields entering each lattice 
site in a hypercubic lattice construction are the same as the A\ lattice, we 
can obtain both hypercubic and A\ lattices from the twisted construction as 
well. 

Preliminary sim ulatio ns of this model have already been performed with 



encouraging results 1221 ]. Table [7] shows the mean bosonic action for lattices 
with volume 2^, 3^ at fixed 't Hooft couphng A = 0.5 (the data corresponds 
to 6000 and 1000 configurations for linear size L = 2 and L = 3 respectively). 
As for the Af = (2,2) model this observable can be computed exactly using 
a Q-Ward identity yielding the exact result quoted in the last column. For 
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L 


< Sb> 


Ccxact 


2 


211.2(2) 


216.0 


3 


1075.0(35) 


1093.5 



Table 7: Observables for SU{2) Q = 16 model in Z) = 4 at A = 0.5 



L 


<Sb> 


Cexact 


2 


211.5(5) 


216.0 


3 


1080.5(45) 


1093.5 



Table 8: Observables for SU{2) Q = 16 model in D = 4 at A = 0.25 



comparison, table[8]shows the same quantities for 't Hooft coupling A = 0.25. 
Notice that as we approach weak couphng and smaller lattice spacings the 
bosonic action moves towards its exact supersymmetric value as expected!^ 
Finally the scalar eigenvalue distribution is shown in figure Hn] and looks 
qualitatively similar to what was seen for (2, 2) YM with the important 
caveat that the tail of the distribution is much more rapidly damped in 
the Q = 16 supercharge case. This is similar to what had been observed 
before in simulations of the corresponding matrix models 
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To conclude, we have shown how to derive the supersymmetric orbifold 
lattice corresponding to A/" = 4 SYM 3J] by geometrical discretization of the 
continuum twisted SYM theory. This connection is not unexpected - it was 



shown earlier in j39| that the naive continuum limit of the Q = 16 orbifold 
theory in four dimensions corresponded to the Marcus twist of A/" = 4 and 
more recent work by Damgaard et al. 4^ and Takimi 115 1 have exhibited 
the strong connections between discretizations of the twisted theory and 
orbifold theories. In this section we have completed this connection - the 
two approaches are in fact identical provided one chooses the exact lattice 
supersymmetry carefully - we must use the self-dual t wist introduced earlier 
and employ the geometric discretization proposed in 109|. Additionally, as 



^^The small breaking of susy seen in this data is associated with the truncation U{2) 
SU{2) employed in the simulations. This was necessary to avoid a vacuum instability 
problem. For further details on this and the issue of the Pfafhan phase we refer the reader 
to [l2^ . 
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Figure 19: Probability distribution of scalar eigenvalues for Q = 16, D = 4, L = 2 and 
SU{2) 



was pointed out by Damgaard et al. [1351 ] this lattice theory is essentially 



equivalent to the one proposed by d'Adda and collaborators [28(] provided that 
the fermionic shift parameter employed in that model is chosen to be zero 
and we restrict our attention solely to the corresponding scalar supercharge. 

This connection between the twisting and orbifolding methods is most 
clearly exhibited by recasting the usual Marcus twist of A/" = 4 Yang-Mills 
as the dimensional reduction of a very simple five dimensional theory. The 
Q-exact part of the action is then essentially identical to the two dimensional 
theory with (2, 2) supersymmetry with the primary difference between the 
two theories arising because of the appearance of a new Q-closed term which 
was not possible in two dimensions. Nevertheless discretization proceeds 
along the same lines, the one subtlety being the lattice link assignment of 
the fifth component of the complex gauge field after dimensional reduction. 
The key requirement governing discretization is that successive components 
of the Dirac-Kahler field representing the fermions have opposite orientations. 
This allows the fermionic action to be gauge invariant without any additional 
doubling of degrees of freedom. It seems likely that all the orbifold actions 
in various dimensions can be obtained in this manner. 
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8.2.4- Absence of fermion doubling 

There are two independent ways to demonstrate the absence of unwanted 
doublers in our formulation. One is, to calculate the spectrum of scalars 
(which is technically simpler) and show that the bosonic action is doubler- 
free. Then, by exact supersymmetry, the fermionic spectrum is as well dou- 



bler free. This was the point of view taken in Appendix B of [34 . 

There is also an elegant way, which is made manifest by the geometric 
approach and which makes it easier to understand why this lattice theory 
does not suffer from doubling problems. This argument does not rely on 
supersymmetry, hence it is also useful for doubler-free formulations of four- 
flavor non-supersymmetric theories. 

We will analyze this question in the context of the hypercubic lattice dis- 
cretization. Clearly most of the fermionic kinetic terms manifestly satisfy the 
double free discretization prescription given by Rabin |9i]. This prescription 
is; use forward lattice difference (P^)^"'") whenever the continuum derivative 

acts as a gauged exterior derivative and use the backward difference V^^ 
whenever the continuum derivative appears as an adjoint of the exterior 
derivative. Most of the terms appearing in this action manifestly satisfy the 
requirements for this theorem. 

The only subtleties arise when one or more tensor indices of the fields 
equal m = 5. Expressions involving these fields are not located wholly in the 
positively oriented unit hypercube and must be translated into the hypercube 
before they can examined from the perspective of this prescription. This has 
the effect of changing a forward difference to a backward difference operator 
after which it is easily seen that the term satisfies the requirements of this 



theorem. For more details, see 41 



8. 3. A\ lattice and Dirac-Kdhler fermions 

We have seen that the Q = I hypercubic supersymmetric lattice provides 
a realization of Dirac-Kahler fermions and a natural latticization of Marcus's 
twist. This discussion also makes it clear that the hypercubic lattice resides in 
the diagonal sub-space of the i?-symmetry and original Lorentz symmetry. In 
this section, we wish to identify the relation between Dirac-Kahler fermions 
and the fermions of the lattice. Recall that the A'l lattice is the maximally 
symmetric lattice realization of A/" = 4 SYM theory in four dimensions. In 
A^, the fermions are distributed as single site fermion A, five link fermions ijj"^ 
and an additional ten face fermions C,mn- The symmetry of A^ makes it clear 
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that all 5 link fermions are on equal footing and all 10 face fermions are on 
equal standing as well. However, we know that in the continuum, under the 
twisted rotation group 5*0(4)', the fermions must fill in antisymmetric tensor 
representations as shown in eq. fll57p . In particular, it is evident that the 5 
link and 10 face fermions of the Al lattice must be reducible. In order to see 
this explicitly, we need to decompose the lattice fields in terms of irreducible 
representation of S^, as shown in Table O 

The symmetry operations and characters of the 5*5 point group symmetry 
are given in Table [61 By choosing a representative from each symmetry 
conjugacy class, we can calculate the character of the corresponding group 
element. In Table [HI we show how a particular representative from each 
conjugacy class acts on the fermion link fields and calculate the character 



Operation 




X{9{rep)) 


(1) 


(^^^^^^^^^5) 


5 


(12) 


-(^^^^^^^^v^5) 


-3 


(123) 


(v;^^^^^^^^^) 


2 


(1234) 


-(v^^^^^^^^^v^5) 


-1 


(12345) 


{^',^\^^,^^^^) 





(12)(34) 


(^^7A^^^^^^5) 


1 


(12)(345) 








Table 9: A representative of each conjugacy class and their action on the site and hnk fields 
are shown in the table. The five link fermions -0™ transform in the same way with z™. 
The transformation of ten fermions can be deduced from the antisymmetric product 
representation ofzm with itself. 

xio) = Tr {0(g)), where g is a. representative of each class and O is a matrix 
representation of the operation. Since the character is a class function, it is 
independent of representative. For the fermion fields, we obtain 

x(^'") = (5,-3,2,-l,0,l,0) (184) 

Note that the odd permutations are accompanied by the transformation 
eq. (I152p . since the combined operation is a symmetry of the action. In- 
specting the character table of 5*5, we see that this is not an irreducible 
representation. It is a linear combination of two irreducible representations, 

X(^'") = X4©X2, (185) 
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a four-dimensional pseudo-vector and a singlet pseudo-scalar. We can also 
relate this representation theory argument to the detailed calculation given 
in 3J]. Recall that under a group operation (see Table [9]), ip"^ — > 0"^"'{g)ijj'". 



The fact that the group action on the link field is reducible means there is 
a similarity transformation which takes all of the 0{g) into a block diagonal 
form. In this case, two blocks have sizes 1x1 and 4x4. Now, let us introduce 
the orthogonal matrix S that block-diagonalizes 0{g) for all g & S^. It is, 
not surprisingly, related to the basis vectors of the Al lattice. 

The matrix Smn then forms a bridge between the irreducible representation 
of ^5 and the representations of the twisted Lorentz group SO {4)'. Thus, we 
obtain the following relations dictated by symmetry arguments: 

1 1 ^ 



m=l 



Obviously, we could have easily guessed the form of the singlet. 
Performing the same exercise for all lattice fields, we obtain 

x(A) = x(t^) = (l,l,l,l,l)~Xi 

X{zn = xi^n = Xi^m) = (5, -3, 2, -1, 0, 1, 0) ~ X4 © X2 

XiUn) = Xil^m, Zn]) = (10, 2, 1, 0, 0, -2, -1) ~ X7 © X3 • (188) 

This means that the sixteen fermions appearing in the unit cell of the 
lattice branch into 

fermions ^ Xi © © X7 © X4 © X2 (189) 

irreducible representations of 6*5, which is nothing but eq. (11571) . We may 
also write expressions relating the lattice fields to the continuum twisted 
Dirac-Kahler fermions, by using the eq. (11861) . It is 

^pu ^mn^mii^nvi ^^^tt'po-^ ^mn^mp,^nb • (190) 

This completes our discussion of the relation between the A\ fermions and 
fermions in the twisted theory eq. (I168p . 
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Retrospectively, these relations are not surprising. We already knew that 
the fermions on the hypercubic lattice are Dirac-Kahler fermions. We may 
deform the hypercubic lattice into a lattice while remaining within the 
moduli space of our orbifolded matrix model eq. (I147p . The number of 
bosonic and fermionic fields leaving and entering each lattice site is equal 
in these two lattice constructions. Obviously, the bosons work in a similar 
manner, which follows from exact supersymmetry. 

In the continuum, the point group symmetry S5 of the lattice action 
enhances to the twisted rotation group SO (4)'. 

S5 C 30(4)' (191) 

without any fine-tuning, thanks to the microscopic symmetries. In the renor- 
malization discussion of §8.41 we will show that there are no relevant or 
marginal twisted S'0(4)' violating operators. Hence, in the continuum, we 
are guaranteed to get a Q = 1, twisted Lorentz symmetry invariant gauge 
theory without any fine tuning. (In this sense, the enhancement of 6*5 into 
twisted Lorentz symmetry is analogous to the pure YM theory on lattice, 
where hypercubic symmetry enhances to Lorentz symmetry.) Unfortunately, 
this does not imply that we can immediately undo the twist and obtain the 
Q = 16 target theory. In particular, there are a few relevant or marginal op- 
erators which respect 50(4)', gauge symmetry and 2 = 1, but not S0{4:)e- 
This means, some amount of fine tuning may be necessary in order attain 
the desired Q = 16 target theory in the continuum limit. We examine these 
issues in more detail in the next section. 

8.4- Renormalization 

The immediate question that arises for this discretization of A/" = 4 super 
Yang Mills theory is how much residual fine tuning will be required to ensure 
the restoration of full supersymmetry in the continuum limit. Clearly the 
existence of one exact supersymmetry improves the situation over any naive 
discretization but it is not immediately clear what additional counter terms 
will be needed to realize the full supersymmetry of the continuum theory. 

Unlike the case of d < 3 dimensions power counting reveals that the 
continuum four dimensional theory has an infinite number of superficially 
divergent Feynman diagrams occurring at all orders of perturbation theory. 
Of course in the continuum target theory all of these potential divergences 
cancel between diagrams to render the quantum theory finite. However, since 
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the lattice theory does not possess all the supersymmetries of the continuum 
theory, it is not clear how many of these will continue to cancel in the lattice 
theory. 

As a first step to understanding the structure of the effective action that 
arises in this lattice theory as a result of radiative corrections one can attempt 
to write down the structure of all possible counterterms which are consistent 
with the exact lattice symmetries. In the case of lattice, these symmetries 
are 

a) Exact Q = 1 supersymmetry. 

b) Gauge invariance 

c) 5*5 point group symmetry and discrete translations. 

In fact, other than exact lattice supersymmetry, the U{k) lattice gauge theory 
also has a second fermionic symmetry, given by 

A(n) ^ A(n) + elk, 5(all other fields) = (192) 

where e is an infinitesimal Grassmann parameter. Thus, we extend our list 
to include 

d) Fermionic shift symmetry 

In practice we are primarily interested in relevant or marginal operators; 
that is operators whose mass dimension is less than or equal to four. We will 
see that the set of relevant counterterms in the lattice theory is rather short 
- the lattice symmetries, gauge invariance in particular, being extremely 
restrictive in comparison to the equivalent situation in the continuum. The 
argument starts by assigning canonical dimensions to the fields [Wa] = [Wa] = 
1, = I and [Q] = \ where \l/ stands for any of the twisted fermion 
fields (A, ^mn)- Invariance under Q restricts the possible counterterms 
to be either of a Q-exact form, or of Q-closed form. There is only one 
Q-closed operator permitted by lattice symmetries, and it corresponds to 
the continuum term £3 in eq. ( 1168^ . Thus, we need to look to the set of 
Q-exact counterterms. Any such counterterm must be of the form O = 
QTt (\I//(W,W)). There are thus no terms permitted by symmetries and 
with dimension less than two. In addition gauge invariance tells us that 
each term must correspond to the traces of a closed loop on the lattice. The 
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smallest dimension gauge invariant operator is then just Q(Tr ip^Um)- But 
this vanishes identically since both Um and ifjm are singlets under Q. No 
dimension | operators can be constructed with this structure and we are 
left with just dimension four counterterms. Notice, in particular that lattice 
symmetries permit no simple fermion bilinear mass terms. However, gauge 
invariant fermion bi-linears with link field insertions are possible and their 
effect should be accounted for carefully. 

Possible dimension four operators are, schematically, 

QTr iUnU^U^') 
QTr (XU^'Um) _ 

QTr (A)Tr (193) 

The first operator can be simplified on account of the antisymmetry of C,mn to 
simply QiCmn^"^"') , which is nothing but the continuum term £2 in eq. fll68p . 

The second term in eq. (11931) requires more care. There are two operators 
of this type permitted by lattice symmetries, not including the fermionic shift 
symmetry. These are 

£1,^ = QTr A(n)(Z7„(n-^jW'"(n-^jTW"^(n)Z7„(n)) (194) 

where both anti-commutator and commutator structure are allowed. Clearly, 
the operator with the relative minus sign is £1 in eq. (11681) . but the one 
involving the anti-commutator is a new operator not present in the bare 
Lagrangian. The only operator of the third type is a double-trace operator 

= QTt A(n)Tr (W™(n - /x,„)W'"(n - /x„) + W'"(n)W„(n)) (195) 

Note that both £1 _|_ and £^ !j: transform non-trivially under the fermionic 
shift symmetry, but a linear combination of the two 

£4 = £1,+ - ^Ci-X (196) 

is invariant under the shift symmetry with k the rank of the gauge group 
U{k). 

By these arguments it appears that the only relevant counterterms cor- 
respond to renormalizations of operators already present in the bare action 
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together with £4. This is quite remarkable. The most general form for the 
renormalized lattice Lagrangian is hence 



where a, /3, 7 are dimensionless numbers taking the value (1, 1, 0) in the classi- 
cal lattice theory and g'^ is a renormalized coupling constant. Thus it appears 
that at most three couplings might need to be fine tuned to approach J\f = 4 
Yang-Mills in the continuum limit. 

In order to see the explicit form of the £4 operator close to the continuum 
limit, we expand the action around U = The result is 



where ellipsis are dictated by supersymmetry. The reader will immediately 
realize that (^^=1 V''") = ^5m4'"^ is nothing but the 5*5 (and twisted 50(4)') 
singlet identified in §8.31 Indeed, it is the only field that could form a fermion 
mass term by pairing with A. 

As we remarked earlier twisted Lorentz invariance 5*0(4)' = Diag(50(4)£;X 
50(4)r) emerges in the continuum without any fine tuning due to micro- 
scopic symmetries of the lattice action, and gauge symmetry. Furthermore, 
the issue of the restoration of (untwisted) rotational invariance 50 (4)^; , non- 
abelian R-symmetry invariance S0{6)r, and full supersymmetry can now 
be formulated in terms of the magnitudes of the dimensionless coefficients 
a, P, 7. For example, the theory with (a, P, 7) = (1, 1, 0) is the Marcus twist 
of A/" = 4 with full supersymmetry. The classical lattice theory is also defined 
with these initial conditions. However, it is currently not known whether the 
lattice theory fiows to the desired target theory or not as the lattice spacing 
is sent to zero. A one loop calculation of a, /3, 7 has yet to be done but clearly 
is of the utmost interest in this regard. The theories for which 7 = also 
enjoy a global U{l)pi symmetry, the so-called ghost number symmetry in the 
topological field theory literature. This U{1)r is the 50(2) subgroup of the 
i?-symmetry prior to twisting S0{6)r D 50 (4) x S0{2)r. The charges 
under U{1)r are given in eq. (11571) and eq. (11611) . and apparently, the £4 
operator explicitly violates it. The physical reason for the appearance of this 
mass operator in the continuum is then the absence of a continuous global 
chiral symmetry in lattice formulation. In this sense, this is similar to the 



g^C = £1 + a£2 + + 7£4 



(197) 




(198) 
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appearance of a Wilson mass term, in the continuum limit of a lattice theory 
without exact U{1) chiral symmetry. 

Finally, the class of theories for which (a, /3, 7) 7^ (1, 1, 0) correspond Af = 
1/4 deformations of A/" = 4 SYM theory and their physical interpretation is 
currently not known. 



9. General aspects of supersymmetric lattices 

9.1. Supersymmetric lattices and topological field theory 

While having a non-perturbative definition of a supersymmetric gauge 
theory is important in its own right, it is also expected that lattice super- 
symmetry may lead to new insights and understanding in supersymmetric 
gauge dynamics. It may also offer a new non-perturbative window into gen- 
eral problems in quantum gravity and string theory via the AdS/CFT cor- 
respondence. 

In the previous sections of this Report we have seen that supersymmetric 
lattices always lead to twisted supersymmetric theories in the continuum 
limit. These twisted theories are not topological, however, if desired, one can 
make them topological by declaring the scalar supercharge Q to be a true 
BRST operator. In this case the space of physical states of the theory is 
truncated to include only those \ fl) annihilated by Q i.e Q\fl) = 0, modulo 
those which can be written as ~ Q\Q"). In this sense, there is an 
intimate connection between topological field theories and supersymmetric 
lattices. The utility of topological field theory in the derivation of certain 
exact dualities of A/" = 4 SYM within the restricted Hilbert spaces of the 
associated topological t heory, as well as in the theory of 4-manifolds is well 



known [11|, |78|, |132| . |133[ |. One of our hopes is that the lattice construction of 
the supersymmetric theories will shed light into the dynamics and dualities 
in these gauge theories beyond their topological subsectors. 

A common thread in both topological field theory and lattice supersym- 
metry is the existence of a nilpotent scalar supercharge Q. However, although 
all supersymmetric lattices are associated with topological field theories, the 
converse statement is not true. Given a supersymmetric twist with a scalar 
supercharge, we are not guaranteed to have a working supersymmetric lat- 
tice formulation. Below, we examine this in connection with the twists of the 
A/ = 4 SYM theory in d = A. 
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Exact Lattice 



Supersymmery 



Topological 
Field Theories 



i) Susy gauge dynamics 

ii) Numerical Quantum Gravity 



ii) Topology of 4-manifolds. 



i) Exact dualities 



Figure 20: Classification for twisted supersymmetry, and interrelations between general 
twists, supersymmetric lattice (SL) twists and topological twists. SL-twists only form a 
special subset of all possible twists. Few selected applications to physics and mathematics 
are also shown. 

9.1.1. Three twists of U = 4 SYM m d = 4 

The A/" = 4 theory on has three inequivalent twists - to be described 
below - all of which admit a nilpotent scalar supercharge, with ■ = 0. All 
these twists are consistent with not having infinitesimal translation genera- 
tors Pf^ on the lattice, and in this sense, provide a solution to the problems 
quoted in §3.21 However, only one of these twists arises naturally in the 
context of supersymmetric orbifold lattices, and has a natural mapping into 
a lattice theory within the twisted/geometric approach. In this section we 
will explain what distinguishes these three twists and why only one admits 
a supersymmetric lattice construction. This will also shed light on the ques- 
tion of why the M = 2 theory in ci = 4, which also admits twisting and a 
nilpotent scalar supercharge, cannot be latticized in any simple way by the 
techniques described in this work. 

Recall that the Af = 4 theory on can be obtained as the dimensional 
reduction of the A/" = 1 gauge theory on down to M.'^. The ten dimen- 
sional theory possesses an SO{10) Euclidean Lorentz rotation group. Upon 
reduction, the 5*0(10) group decomposes into 




(199) 
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where S'0(4) ~ SU{2)l x SU{2)r is the four dimensional Lorentz symmetry 
action on and SO{Q)'ji ~ SU{A)t^ is the internal 7^-symmetry group. The 
16 dimensional positive chirality spinor of 5*0(10) decomposes as 

Qa,/ © Qa,/ ~ (2, 1, 4) © (1, 2, 4) G SU{2)l X SU{2)r x SU{A)n (200) 

The twisting procedure corresponds to a choice of a non-trivial [S'f/(2) x 
5[/(2)]' embedding into SUi2) x 5t/(2) x SU{A)n. 

The A/" = 4 SYM theory in d = 4 has three inequivalent twists, i.e, three 
inequivalent embeddings of an SU (2) x SU{2) into SU{A)'ji symmetry, each 
of which results in one or two scalar supersymmetries for which 

■ = (up to gauge rotations) (201) 



These twists were first discussed in jl32 . in the context of topological 
A/" = 4 SYM theory. 

However, only a s ubcl ass of these twisted theories may be defined on 



a lattice consistently |136l |. We may refer to this class as super symmetric 
lattice twists or SL-twists for short. For example, Marcus's twist is in SL- 
twist category, but not the other two. While the existence of a nilpotent 
scalar supersymmetry = is sufficient to formulate a topologically twisted 
version of a supersymmetric gauge theory on curved space, it is not sufficient 
to allow a lattice construction due to the other strictures of the latter. 

The three independent twists of A/" = 4 SYM are most easily described 
by providing the decomposition of the 4 of SU{4) in eq. fl200p under an 
5f/(2) X SU{2) symmetry 

i) (2,1)0(1,2), (SL- twist) 
n) (1,2)0(1,2) 

lii) (1,2) © (1,1) © (1,1) . (202) 

Under the twisted rotation group 

[SU{2)l X SU{2)r]' X (Ga) C [SU{2)l x SU{2)r] x SU{4)n (203) 

where Ga {a = i, ii, Hi) is the global 7?,-symmetry of the twisted theory, the 
supercharges (and fermions) transform as 

i) fermions ^ (1, 1) © (2, 2) © [(3, 1) © (1, 3)] © (2, 2) © (1, 1) 
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(SL — twist) 



ii) fermions 



in) fermions 



2 X 



1,11 



(2,2) 



(3,11 



:i,l)©(2,2)©(3,l) 



2 X 



f2,ll 



'1,21 



(204) 



Notice that we have dropped the transformation properties under Ga which 
are not important for our purposes. The gauge boson, which is a S'[/(4) 
singlet, transforms as (2,2). The scalars are a singlet under the Lorentz 
symmetry and transform in the 6 = 4 A 4, anti-symmetric representation of 
SU{4:). Therefore, eq. (12021) uniquely fixes the decomposition of the 6 under 



(205) 



the twisted rotation group, for example. 



[(2, 1) © (1, 2)] A [(2, 1) © (1, 2)] = (2, 2) © 2(1, 1) 



and similarly. 



tt) 3(1,11 



:i,3) 



Hi) 2(1,2) ©2(1,11 



(206) 



As we stated above, all three of these twists support the existence of at 
least one nilpotent scalar supercharge Q ~ (1,1), with = 0, modulo 
gauge rotations. Indeed, the first two twists have two such nilpotent charges. 
One would naively expect that, since = does not interfere with any 
translation, it should be possible to implement all these twisted theories on 
the lattice. This intuition is not completely correct as we shall now argue. 

First, note that all three twists have a copy of the twist of A/" = 2 SYM the- 
ory in = 4 [HI where eight supercharges decompose as (1, 1) © (2, 2) © (3, 1) 
This structure exists in a L' ^ R' symmetric manner in the first twist and 
asymmetric manner for the last two. This means that, in case i), instead 
of self-dual two-forms, we can just think of two-forms, without a self-duality 
condition. In lattice gauge theory, the implementation of the self-duality 
condition in a manifestly gauge covariant fashion is problematic. For exam- 
ple, in continuum, we will have Qip^^"''^ = F^"'^ = + ^e^^^'^ Fpa where 
both of ■?/;'^'^'+ and F^^^'^ are in the self-dual (3, 1) representation pjj]. It is 
not clear how to implement the self-dual field strength in a gauge covariant 



^^This equation has another utihty. In the topological field theory context, the fixed 
points of the M ~ 2 supersymmetric action are described by BPST-instantons. A useful 
complex generalization of the instanton equation in the A/" = 4 SYM theory was obtained 
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way on the lattice and hence, the meaning of the left hand side (a self-dual 
Grassmann) is also unclear. This means, a gauge covariant implementation 
of the twists ii) and Hi) in a lattice formulation is unlikely. Furthermore, the 
iii) case also involves double-valued representations of scalars and spinors, 
which are again in double-valued spinor representations of the lattice point 
group symmetry and do not have a natural mapping to a lattice, unlike the 
p-form to p-cell mapping that has been used in the constructions described 
in this Report. 

The conclusion of these arguments seems to be that supersymmetric lat- 
tices always correspond to twists which do not involve any self-dual field- 
strengths and in which all the fields live in single-valued integer spin rep- 
resentations of the twisted rotation group. Furthermore, the spinors (and 
supercharges) must decompose into p-form integer spins: 

Qa,i © Qa,i — ^ © Q^'^ © Q^^^ © Q^'^ © Q^'^ (207) 

as we in for example the SL-twist of A/" = 4 YM. Another way of stating 
this is that supersymmetric lattice theories must always contain a sufficient 
number of fermions to saturate one or more single Dirac-Kahler fields. 

9.2. Matrix model regularizations 

In this section we briefiy discuss an alternative to the lattice construc- 
tions we have been describing but one which shares many of the same fea- 
tures - the matrix model regularization of supersymmetric gauge theories. 
This approach is independent of the orbifolding/deconstruction and twisting 
approaches. The main utility of this approach is that it can be used to con- 
struct a manifestly supersymmetric matrix regularization for certain twisted 
supersymmetric gauge theories formulated on curved backgrounds, such as 
S"^ or S"^ X M, which are not accessible by the techniques described so far. 

It is well-known that global scalar supersymmetry may be carried to 



curved spaces if a twisted version of the supersymmetry algebra is used [11 
On curved space, there are no covariantly constant spinors, hence global 
supersymmetry cannot be achieved in any naive way. On the other hand. 



by studying the fixed points oi Q — Q + *Q^'^\ The fixed points of the Q- action yield 

T +*T^'^'> — 0, or in components, T ^lu+^fiupa^'"^ = 0. This equation was derived first 
in the con text of lattice supersymmetry [39| and later in the study of dualities in A/" = 4 



SYM h32 
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covariantly constant scalars exist in curved spaces thanks to the twisting 
procedure. Indeed, a mass deformation of the type IIB matrix model provides 
a matrix model regularization for a twisted theory on a curved background 
- a two-sphere S'^. A remarkable feature of this construction is that both 
the regularized theory and continuum theory respect the same set of scalar 
supe rsyna metries. Instead of discussing an example on a curved background 



see 



136l | for such an example), which necessitates introducing additional 
notation, we will highlight the main points of the matrix model regularization 
by employing the already established notation of §111 

9.2.1. A deformed Q = 1 matrix model for A/" = 4 SYM in d = 4 

The type IIB matrix model possesses Q = 16 supersymmetries and a 
SO{10)ii global R-symmetry and U{N'^k) gauge symmetry. We first con- 
struct a. Q = 1 supersymmetry and U{1)^ global symmetry preserving defor- 
mation of the type IIB matrix model. This model serves as a nonperturbative 
regularization for A/" = 4 SYM theory in four Euclidean dimensions. As op- 
posed to the orbifold projections where one starts with U{N^k) and projects 
out by Zjf to obtain a U{k) lattice gauge theory on an A^'' lattice, the de- 
formed U{N'^k) matrix model is itself a rewriting of a U{k) gauge theory on 
A^^ lattice, without any projections. As a consequence, the latter formulation 
is not precisely local, however, this non-locality can be pushed to the cut-off 
scale by a judicious choice of the deformation parameter. 

The deformed matrix model action with Q = 1 exact supersymmetry is 
given by 



^DMM _ 2^ 

9^ 



V2 



j dO (^-iA9,A-A[: 



- y 1 I rpmn 



(208) 



I V ^ mnpgrij / t(<I>p,+<I>j,^)/2- _ +i(*pq+'I>pr)/2r„ 

O 

where the Q = 1 supersymmetric matrix multiplets are 
A = A — i9d , 

z"^ = ;z"^ + v^^V"", ^m, m = l,...,5 (209) 



mn 



The supersymmetry singlet, and hence a multiplet on its own right. 

The fermi multiplet is anti-symmetric in its indices. The holomor- 

phic E™" functions are the analogs of the derivative of the superpotential 



107 



^mnpdw^ and given by 



Emn(Z) 



Zri.Zr. 



(210) 



The result eq. (12081) is the Q = 1 supersymmetry preserving deformed matrix 
model formulation of the target Af = 4 SYM theory. For [$mn] = 0, it is 
simply a rewriting of the Q = IQ theory in terms of Q = 1 superfields. 

We choose the gauge group of the deformed matrix model as U{N'^k) and 
a convenient choice of deformation (flux) matrix with a local continuum limit 
is 





2tt 
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_l_27r 
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'2tt 
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_l_27r 


2tt 
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(211) 



With this choice of the flux matrix, we may use the background solution to 
form a basis for a lattice theory on an lattice. (For details, see 1371].) 
Splitting the background and fluctuations of the matrix field in eq. fl208p 
formally as 

U{N^k) — ^ U{N^) ® U{k) (212) 

T4 background gauge fluctuations 

we obtain the Q = 1 lattice gauge theory action of eq. fll44p except with a 
modified (non-local) -k product of lattice superfields. The exact Q = 1 super- 
symmetry of the deformed model is same as the exact lattice supersymmetry 
of the lattice formulation. The i^r-product (which is more commonly known 
as Moyal i^r-product) is encoded into a kernel K{j — n, k — n) 

^i(n)^^2(n)= E^i(j)ir(j-n, k-n)^2(k) 

- E*i(j) iw^^'^ (-")^('^-")) v,,(k) (213) 

In this formula 6' = 2/N is a dimensionless non-commutativity parameter 
on the lattice, and A is the usual skew-product. 
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The resulting model corresponds to a U{k) lattice gauge theory on a N"^ 
lattice. The hypercubic lattice and lattice are special points in its moduli 
space and were examined in § j8.1.1l and § I8.1.2[ Distinct from the discussion 
in § 18.1.21 there is now a dimensionful length scale which measures the non- 
locality of the kernel in eq. (I213p . Restoring the dimensions, it is equal to 



e 



An 



The length scale associated with the non-locality of the T*r-product is, 



NaVe^ 



Na, 



Compared to the box size, which is L = Na, we have 



1 



. 



(214) 



(215) 



(216) 



This means, in the continuum limit where we take N (yo, the non- locality 
of the matrix model action tends to zero relative to the size of the box. 

A few remarks are in order: The deformed matrix model is a natural 
generalization of the /^-deformed A/" = 4 SYM theory in d = 4 , which is used 
to deconstruct slightly fuzzy theories in six dimensions 138[ |. By tuning 6' 
to be 0(1) in counting, we may also achieve a non-commutative TV" = 4 
SYM theory on o r as in the supersymmetric examples of Refs. 1391 . 

Hi, such supersymmetric non-commutative theories 



140l . In Refs. [139 



were obtained by using orbifolds with discrete torsion, which is just a way 
of saying that the orbifold projection matrices used in generating various 
dimensions commute with each other only up to a phase, which substitutes 
for the deformation matrix in eq. fl21ip . The lack of a need to orbifold 
the matrix model at a ll, provided the model was suitably deformed, was 
recognized later in 1371 . 

There has been also some recent interesting progress in the non- super symmetric 
version of the deformed matrix model, which is known as the twisted Eguchi- 
Kawai (TEK) model. Along the same lines as above, a U{N^k) TEK model, 
at the classical level, produces a slightly non-comm utative U jk) Yang-Mills 
theory on four dimensional lattice. Recently, jl4ll . 142| showed that, 
there is an quantum mechanical instability in th e bo sonic TEK model, and 
the relation to the lattice theory is spoiled. Ref. 



141| argued that, in super- 



symmetric theories, or supersymmetric theories with softly broken supersym- 
metry, the analog of the instability that takes place in the pure TEK model 
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is cured. Thus, the deformed matrix model shown in eq. fl208p with appropri- 
ate choice of flux yields a non-perturbatively stable d = 4 non-commutative 
super symmetric gauge theory according to the criteria of Ref. 141 . 



10. Lattice Supergravity? 

We have seen that it is possible to construct globally supersymmetric 
lattices and that they have a lot of interesting mathematical structure. For 
example, the series of well prescribed mathematical steps described in this 
review could have been used to discover staggered fermions (if the methods 
hadn't come along 30 years too late!). One might wonder though whether 
the power of the analytical approach used here could be harnessed to create 
a lattice for local supersymmetry, known as supergravity. It would be pretty 
nifty if we could construct a lattice theory for quantum gravity by walking 
down a straight and narrow algebraic path without having to worry about 
the meaning of geometry and spacetime! In this section we briefly outline 
such an attempt which was not successful, in hope that it might inspire the 
reader towards something better 0. 

Consider (2, 2) supergravity in d = 2 dimensions. It's action is derived 
from Af = 1 supergravity in d = 4 dimensions by erasing two spacetime 
dimensions. The particle content of the theory is a graviton and a spin | 
gravitino; the action for the graviton is the usual Hilbert action, and for the 
gravitino, the Rarita-Schwinger action. The theory also has lots of auxiliary 
fields required to make the theory manifestly supersymmetric off-shell. The 
idea we will follow will be to invent "staggered" gravitinos on the lattice. 
We will then introduce staggered vierbeins, and try to realize one exact 
supercharge on the lattice, and then hope that the action has enough Lorentz 
symmetry and supersymmetry to have the desired continuum limit. 

10.1. Staggered gravitinos 

Consider spin 3/2 Majorana fermions in four dimensions. These are 
self-conjugate Dirac spinors ipm where m is a 4- vector index. The Rarita- 
Schwinger action is given by 

emnpqi'mCjnIbdplpq ■ (217) 



The material in this section is unpubhshed work by D.B. Kaplan and Michael Endres. 
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This possesses a gauge symmetry ip^ V'm + <9mX) where x is an arbitrary 
Dirac spinor. Following the derivation for staggered fermions, we construct 
a naive latticization of this action: 

^emnp5V'm(n)C7n75 [il^qi^ + p) - ^/'g(n - p)] . (218) 

This lattice action also possesses a gauge symmetry, ipmi'n) ^/'m(n) + (x(n+ 
m) — x(n — m))/(2a). We now substitute 

V^n.(n)=7,n(7r---7r)A(n) (219) 

which is easily shown to eliminate the Dirac structure in the action, leaving 
us with four identical copies of the action for each spinor component of Am- 
We can therefore choose Am to be a one-component fermion (with a four- 
vector index). The lattice then has one of these four- vector fermions at each 
site and a simple action involving lattice derivatives with signs that encode 
the spin 3/2 structure. 

In General Relativity the vector index on the gravitino lives in curved 
spacetime, while the spinor index lives in the tangent space; the way the two 
talk to each other is through the vierbein e'^, where m is a curved space 
index and a is a tangent space index; the vierbein is related to the metric 
by eam^n = 9mn and to Lorentz symmetry by eam^'^ = Vab, where t] is the 
usual flat (Minkowski or Euclidean) space metric. The ease with which one 
can construct staggered spin 3/2 fermions is encouraging, but the fact that 
the curved space index does not play any structural role on the lattice is 
disturbing, even though the action couples the curved space index to the 
index of lattice derivative operators. 

Ignoring gathering confusion, one can try to construct a lattice theory 
for (2, 2) supergravity in d = 2. The gravitino is readily latticized following 
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e = -l/4 E; 



mnpq 




Figure 22: A picture of the lattice operator equal to e = dete^ in the continuum: A 
directed product of the E fields defined of Fig. [211 where the letters represent the curved 
space indices of the E variable, which are contracted by the e tensor. 



the staggering procedure, and the lattice assignments are shown in Fig. 
Pushing on, one can latticize the gravitino's supersymmetric partner, the 
vierbein. Using the structure of our (2, 2) lattice construction with matter 



fields 351] as a guide, as well as the supersymmetry transformations between 



vierbeins and gravitinos in (2, 2) supergravity, one can define 

= P P (220) 

and assign the E fields lattice positions shown in Fig. [2T1 A heartening result 
is that various objects needed in the supergravity action, such as e = det 
and (ej^)~^ are easily constructed as local lattice operators. For example, the 
determinant e is represented as a "staple" as shown in Fig. [221 

Nevertheless, it seems difficult to understand how to formulate the lattice 
covariant derivative in this theory. At this time it is an open and compelling 
question: can lattice supersymmetry give us new insights into lattice super- 
gravity, and therefore about quantum gravity in general ? 



11. Conclusions, prospects and open problems 

In this report we have discussed some of the problems facing efforts to 
discretize supersymmetric theories. In general one faces fine tuning prob- 
lems when one tries to do this as the classical symmetry is generally entirely 
broken under discretization. However, we stress that in dimensions less than 
four this is not necessarily disastrous - such theories possess only a finite set 
of U.V divergent diagrams which occur at low orders in perturbation theory. 
In principle such diagrams can be calculated in lattice perturbation theory 
and appropriate counterterms constructed, which when added to the lattice 
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action, ensure that the resulting theory flows automatically to the supersym- 
metric fixed point in the continuum limit. In general non-supersymmetric 
discretizations may offer computational benefits such as positive definite de- 
terminants over lattice actions with exact supersymmetry. 

That said, we have spent the bulk of this review discussing new ideas on 
how to put supersymmetric theories on the lattice in a way which guarantees 
a subset of the full supersymmetry is preserved at non-zero lattice spacing 0. 
The approach only works for theories with a number of supercharges which 
is an integer multiple of 2*^ if d is the dimension of (Euclidean) spacetime. 
This includes quantum mechanics, the two dimensional Wess-Zumino model, 
sigma models and a large class of SYM theories, including the important case 
of TV = 4 SYM in four dimensions. 

Two constructions have been described; direct discretization of a twisted 
form of the theory and a construction based on orbifolding a matrix the- 
ory. The former technique can be used for theories both with and without 
gauge symmetry, the latter is a powerful technique for deriving lattices for 
supersymmetric Yang-Mills theories. Remarkably the two approaches can be 
explicitly connected in the case of gauge theories and in that case have been 



shown to be precisely equivalent [4l|, |4^, |39| . In general the fermions and su- 



percharges of these theories can be embedded into one or more Dirac-Kahler 
fields containing integer spin fields. The mapping of these fields onto the 
lattice is then very natural. The scalar components of these Dirac-Kahler 
fields map to site fields and correspond to supersymmetries that can be pre- 
served on the lattice. Furthermore, it has been known for a long time that 
Dirac-Kahler fields can be mapped into staggered fermion fields at the level of 
free field theory which is one way of seeing that these lattice supersymmetric 
models do not exhibit fermion doubling. 

In four dimensions there is a unique theory that can be treated this way - 
Af = 4 SYM. The resulting lattice action, derived either from orbifolding or 
twisting, is invariant under both lattice gauge transformations and a single 
scalar supersymmetry and is free of fermion doubles. Understanding the 
renormalization structure of this lattice theory is a pressing issue since it 
governs whether the lattice theory requires additional fine tuning in order 



Approaches have also been pi oneered based on twisting which claim to preserve all 

in 



supercharges on the l attice - s ee [143 



1451 146, 147, 148]. These approaches have 



been examined in Il36l | . Large discrete chiral and space-time symmetries of these 



lattice theories is emphasized in [13; 
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for it to yield the correct continuum limit. One and two loop calculations 
of the counterterms in this model are crucial in thsi respect and await the 
interested researcher. 

All these approaches potentially suffer from a complex fermion effective 
action and it is an open question how well current Monte Carlo algorithms can 
handle the resulting system. Initial results, particularly for thermal systems 
are quite encouraging but much more work needs to be done 122 . 



The lattices described in this report represent only a small fraction of the 
continuum supersymmetric theories one would like to study, and it would be 
interesting to see if somehow the techniques could be extended to include, 
for example, supersymmetric QCD in four dimensions. The extensions to 
systems with fe rmions in the fundamental representation are very interesting 



in this regard |127l . |128[ |. Since numbers of quark flavors other than four 
cannot be represented by staggered fermions, it would also be interesting to 
see if one could somehow implement domain wall fermions in lattice super- 
symmetry and escape the flavor tyranny of staggered/Dirac-Kahler fermions. 

Lattice supersymmetry has seen a resurgence of activity in recent years. 
After years in the desert, it is delightful to contemplate the intricate structure 
of the supersymmetric lattices described here and how they evade all the 
challenging obstacles outlined earlier. We still have some hope that these 
lattices will not only eventually be useful for numerical studies of extended 
SYM theories, but also that their reach might be extended to shed light on 
both phenomenologically more realistic supersymmetric theories and perhaps 
some restricted class of lattice supergravity theories. 
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